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We demonstrate that AI-driven program synthesis can autonomously discover fundamental strategies for
decomposing unitary matrices in photonic networks. By extending DreamCoder to complex-valued linear
algebra, the system generates decomposition programs achieving the minimal NðN − 1Þ=2 Mach-Zehnder
interferometers, distinct from both Reck and Clements architectures. Learned programs encode dimension-
agnostic invariants: strategies discovered for 5 × 5matrices generalize to higher dimensions such as 64 × 64.
The discovered programs encode interpretable, dimension-agnostic construction rules. These rules generalize
across matrix sizes without retraining, demonstrating that autonomous program synthesis can serve as a
scalable paradigm for algorithm discovery and the automated design of universal unitary operators. Beyond
universal decompositions, the system automatically exploits matrix structure to reduce the interferometer
count below the universal theoretical bound. For instance, forHouseholdermatrices, it discovers a dimension-
independent rule that requires only 2N − 3 MZIs. This achieves linear, rather than quadratic, scaling and
generalizes to arbitraryN without retraining. For matrices obtained from the singular value decomposition of
sparsematrices, reductions generally increasewith sparsity, reaching up to 38% fewerMZIs than the universal
theoretical bound NðN − 1Þ=2 at 95% sparsity. These MZI reductions translate directly into practical
hardware benefits for scalable photonic implementations. Taken together, the system functions as a single
unified engine that discovers both universal decomposition rules and matrix-specific optimizations, without
being provided with the structural or analytical properties of the input matrices.
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Unitary transformations lie at the foundation of quantum
mechanics, governing the evolution of quantum states in
closed systems [1], and are central to modern photonic
computing and quantum information processing [2–4]. In
linear optical systems, unitary matrices determine how
multimode fields interfere and propagate through reconfig-
urable interferometric networks, allowing direct hardware
implementations of matrix operations with ultrahigh speed,
low energy consumption, and intrinsic parallelism [4,5].
These capabilities make photonic platforms attractive for
optical neural networks [6–11], where unitaries implement
trainable linear layers, and for quantum computation

[2,12–15], where they realize universal linear-optical cir-
cuits. Rapid advances in integrated photonics have produced
large-scale, low-loss, and programmable interferometer
meshes [16–18],motivating scalable and systematicmethods
to realize arbitrary high-dimensional unitaries in hardware.
In practice, arbitrary N × N unitary transformations are

implemented by decomposing them into sequences of
Mach-Zehnder interferometers (MZIs), which serve as
universal two-dimensional beam-splitter gates [19,20].
Mathematically, any matrix can be expressed via singular
value decomposition (SVD) asW ¼ UΣV† [21], producing
two unitary matrices U and V† and a diagonal matrix Σ.
Since diagonal matrices Σ can be directly realized with
MZIs, the challenge reduces to efficiently decomposing
the unitary components U and V†. Classical schemes, such
as the Reck triangular mesh [22] and the Clements
rectangular mesh [23], provide hand-derived constructions
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using NðN − 1Þ=2 MZIs, forming the algorithmic back-
bone for universal linear optics and underpinning most
present-day photonic processors [7,12].
Despite their foundational role, these schemes reflect

specific human-designed elimination strategies derived
from analytic reasoning and occupy only a small region
of the combinatorial space of possible elimination order-
ings, leaving open the question of whether alternative,
equally fundamental strategies exist. To address this, we
employ automated reasoning to systematically explore this
landscape, uncovering strategies that extend beyond human
intuition and yield generalizable constructions. In pursuit of
this goal, we develop a synthesis engine—built on the
DreamCoder framework [24] and extended to manipulate
complex-valued linear algebra—that autonomously discov-
ers strategies for decomposing unitary matrices. The
synthesized programs are not merely confined to known
triangular or rectangular meshes. Instead, the system
identifies previously unreported elimination orderings that
achieve the optimal NðN − 1Þ=2 MZIs. Analysis of the
learned programs reveals that these constructions encode
dimension-agnostic algorithmic regularities: strategies dis-
covered on 5 × 5 matrices generalize to arbitrary higher
dimensions such as 64 × 64 without retraining, indicating
that the system has internalized domain-general patterns
rather than dimension-specific heuristics. These results
establish program synthesis as a means of autonomously
identifying algorithmic structure beyond known human-
designed schemes, enabling the discovery of interpretable
and generalizable rules for universal unitary decomposi-
tions. Beyond universal constructions, the same synthesis
engine adapts to structured inputs, automatically discov-
ering structure-specific reductions independent of any prior
assumptions about the matrix structure. For analytically
structured matrices such as Householder reflectors, the
system discovers a dimension-independent rule requiring
only 2N − 3 MZIs, reducing complexity from quadratic to

linear scaling, and generalizes to arbitrary N without
retraining. For matrices obtained from the SVD of sparse
matrices, it uncovers structure-dependent reductions that
tend to increase with sparsity, reaching up to 38% fewer
MZIs than the universal theoretical bound NðN − 1Þ=2 at
95% sparsity. Together, these results position program
synthesis as a unified framework for both discovering
generalizable decomposition rules and exploiting matrix-
specific structure, enabling scalable automated design of
photonic unitary circuits.
As shown in Fig. 1(a), our learning objective is to discover

programs that transform arbitrary unitary matrices into
diagonal form. This formulation directly corresponds to
photonic implementation: synthesizing an arbitrary unitary
matrixU on a photonic chip decomposes into two steps—an
MZI cascade network P and a diagonal matrix D such that
U ¼ P†D. Since D requires no algorithmic search, our
learning objective simplifies to finding the sequence P that
performs the diagonalization. Training tasks consist of
randomly generated unitary matrices Uk [25]. A program
p transformsUk into a diagonal matrixDk ¼ pðUkÞ, where
Dk retains phase information eiϕj on its diagonals. Success is
determined solely by the diagonalization constraint: specifi-
cally, all off-diagonal elements (i ≠ j) must satisfy
jpðUkÞijj < ϵelem, where ϵelem ¼ 5 × 10−4 in the simulation.
The specific value of this threshold does not affect program
acceptance, as successfully synthesized programs typically
drive residuals down to machine precision (∼10−16).
Meanwhile, the diagonal phase values in Dk are not
prescribed, but emerge naturally from the decomposition
process.
To solve this diagonalization task, we define a set of

NðN − 1Þ MZI primitives fRij; Lijg for i > j, with sub-
scripts denoting the target element position at row i, column
j. Each primitive eliminates one matrix element. The
decomposition strategy exploits the unitarity constraint
U†U ¼ I, where systematic elimination of lower-triangular

(a) (b)

FIG. 1. Autonomous discovery of unitary decomposition strategies. (a) Task transformation: unitary matrices are decomposed into
diagonal form through a series of MZI operations, with multiple decomposition strategies available. (b) DreamCoder’s abstraction loop:
candidate MZI programs are enumerated and tested on decomposition tasks, recurring fragments from successful programs are
compressed into reusable library primitives, and the enlarged library is reused to bias subsequent searches toward deeper
decompositions.
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elements automatically enforces upper-triangular nullity,
yielding a diagonal matrix. Each MZI primitive corresponds
to a beam splitter transformation acting on adjacent modes,
eliminating matrix element uij via adaptive phase shifts. For
Rij-type primitives, the transformation eliminates element
uij by mixing columns j and jþ 1 via right multiplication.
From the nullification condition ðURijÞij ¼ 0, the required
phase θij and mixing angle ωij are analytically derived: the
ratio r ¼ uij=ui;jþ1 is computed, with θij ¼ argðrÞ compen-
sating the phase difference and ωij ¼ arctanðjrjÞ determin-
ing the mixing ratio. This constructs an N × N
transformation matrix by embedding the 2 × 2 MZI block

MR;ij ¼
�
e−iθij cosωij e−iθij sinωij

− sinωij cosωij

�
ð1Þ

at positions ðj; jþ 1Þ within an identity matrix, applying it
via right multiplication U0 ¼ URij. Lij-type primitives
similarlymix rows i and i − 1 via leftmultiplication, deriving
parameters from condition ðLij UÞij ¼ 0 and embedding the
2 × 2 MZI block

ML;ij ¼
�
eiθij cosωij − sinωij

eiθij sinωij cosωij

�
ð2Þ

at positions ði − 1; iÞ within an identity matrix, applying it
via left multiplication U0 ¼ Lij U. The complete N × N
matrix forms of Rij and Lij primitives are provided in
Supplemental Material (SM) [26]. Each primitive takes a
complex matrix as input and returns a transformedmatrix, so
primitives can be freely chained into sequences: e.g., a 3 × 3
decomposition might be (lambda (R21 (L10 (L20
$0)))) [applied in sequence to positions (2,0), (1,0),
and (2,1)], where $0 denotes the input matrix and operations
are applied from innermost to outermost.
Given the task definition and primitive operations, we

employ program synthesis to autonomously discover effec-
tive decomposition strategies. We adopt the DreamCoder
framework [24], which operates through an iterative wake-
sleep cycle, as illustrated in Fig. 1(b). During thewake phase,
the system searches over candidateMZI operation sequences
using the current primitive library and evaluates them against
decomposition tasks. During the sleep phase, it identifies
recurring patterns across successful solutions and abstracts
them into new reusable primitives, expanding the library. The
updated library is then carried into the next wake phase,
where the richer primitive vocabulary enables more efficient
search over deeper program structures [27]. We extend
DreamCoder to the complex-valued matrix decomposition
domain; implementation details are provided inSM[26]. The
MZI primitives fRij; Lijg encode physically meaningful
beam-splitter transformations with analytically derived
phase and rotation angles. This design can be generalized
to a broad class of quantum information processing tasks

involving matrix operations, such as quantum circuit syn-
thesis [28,29].
Verification of the synthesized programs depends on

their target application. Universal decompositions are
evaluated on multiple randomly generated unitary matrices,
whereas structure-specific programs (e.g., for sparse matri-
ces) are tested directly on their original inputs. In all cases,
successfully verified programs achieve off-diagonal resid-
uals at machine precision (∼10−16). Furthermore, we
validate the cross-dimensional generalization of universal
programs by applying the learned patterns to larger
matrices, confirming their ability to scale to arbitrary N.
Having established the framework, we now demonstrate

its effectiveness on unitary decomposition tasks. To assess
the system’s capacity for autonomous algorithmic discovery,
we employ independent learning where the system con-
structs complete decompositions from scratch without prior
knowledge of classical schemes. This approach ensures
discovered strategies emerge from the search process itself
rather than reflecting biases from known methods. We first
investigate the 5 × 5 case using independent learning within
tractable search spaces. After nine wake-sleep iterations, the
system autonomously discovered multiple distinct decom-
position strategies, all achieving the theoretical minimum of
10 MZI operations. Figure 2 visualizes four random decom-
position patterns, where the orange paths trace the sequence
of operations through the matrix. Each pattern shows a
different execution ordering that systematically eliminates
lower-triangular elements, confirming the system learned
flexible decomposition strategies rather than a single fixed

FIG. 2. Decomposition patterns discovered for 5 × 5 unitary
matrices compared with classical reference schemes. Left four
panels (orange paths, yellow background) show representative
discovered patterns exhibiting diverse elimination orderings.
Right two panels show classical reference schemes for compari-
son: Reck (top, blue path) uses bottom-up row-wise elimination,
while Clements (bottom, green path) employs symmetric alter-
nating diagonal pattern. All patterns achieve the theoretical
minimum of 10 MZI operations. The discovered patterns dem-
onstrate that the system learned flexible decomposition strategies
different from classical approaches.
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pattern. These strategies exhibit novel elimination orderings
distinct from both Reck and Clements schemes, as presented
in Fig. 2. The learned decomposition strategies are not tied to
specific unitary instances but apply universally to arbitrary
unitary matrices, functioning as generalizable algorithmic
rules. To the best of our knowledge, such strategies have not
been reported previously. Additional representative exam-
ples are provided in Table S1 in SM [26].
Among the discovered programs, the one ranked highest

by the system, which favors solutions that are both correct
and structurally simple (i.e., expressible more compactly in
terms of the learned library operations) [30,31] is
(lambda (R10 (R21 (R20 (R32 (R31 (R30 (R43
(R42 (R41 (L40 $0))))))))))). This program
corresponds to the matrix equation:

D ¼ L40UR41R42R43R30R31R32R20R21R10; ð3Þ

where D is the resulting diagonal matrix. Inverting this
relation yields the unitary decomposition

U ¼ L−1
40DR−1

10R
−1
21R

−1
20R

−1
32R

−1
31R

−1
30R

−1
43R

−1
42R

−1
41 : ð4Þ

This program directly maps to a photonic circuit imple-
mentation, where the five optical waveguides correspond to
matrix modes and each MZI block executes one primitive
operation. The circuit processes light through a cascade of
10 MZI stages, achieving the theoretical minimum count.
This demonstrates that the system has learned a flexible
decomposition strategy, revealing that the systematic
elimination of lower-triangular elements admits multiple
valid operation sequences.
Critically, the learned patterns exhibit cross-dimensional

reasoning. Analysis of discovered programs reveals
dimension-agnostic principles: systematic elimination
strategies that remain valid across matrix scales. For
instance, algorithmic abstractions derived from 5 × 5
matrices exhibit compositional generalization: they can
be directly applied to higher-dimensional unitary matrices
without retraining or modification. As an illustration,
consider Pattern 4 shown in Fig. 2, which implements a
row-pair interleaving strategy. Starting from the largest row
index i ¼ N − 1 and decrementing by two each step, the
algorithm processes rows in pairs: it first emits primitive
Ri;0, then interleaves primitives from two adjacent rows as
Ri;j → Ri−1;j−1 for j ¼ 1;…; i − 1. When a single row
remains (i ¼ 1), R1;0 closes the sequence. This fixed rule,
discovered on 5 × 5 matrices, applies unchanged at any N
and enumerates all NðN − 1Þ=2 operations exactly. Full
pseudocode and generalization results are given in SM [26].
We validated this cross-dimensional generalization by
testing programs discovered on 5 × 5 training instances
against progressively larger matrices, including 8 × 8,
16 × 16, 32 × 32, and 64 × 64 dimensions. All test cases
achieve successful diagonalization at machine precision

(∼10−16), confirming that the learned decomposition strat-
egy scales correctly to arbitrary dimensions.
While our learned patterns exhibit dimension-agnostic

principles that allow 5 × 5 strategies to generalize, direct
training on 6 × 6 matrices remains essential to uncover
richer decomposition orderings inaccessible from smaller
examples. However, this objective confronts a fundamental
bottleneck: the search space grows exponentially with
matrix dimension, making the direct enumeration of deep
15-MZI sequences intractable. As matrix dimension grows,
both the primitive vocabulary and program depth increase,
causing the search space to explode combinatorially. To
address this challenge, we employ curriculum learning
[32,33] by decomposing the problem into subtasks
fT3; T2; T1; T0g. This progression allows the model to
first master short subsequences in early stages (T3), rapidly
abstracting reusable patterns into library primitives via the
sleep phase. Consequently, these consolidated abstractions
effectively reduce the complexity for later stages (T0),
enabling the synthesis of deeply nested programs.
Specifically, our results demonstrate that after just seven
wake-sleep iterations, the system not only converged to the
theoretical minimum depth but also expanded its library
from 30 to 65 hierarchical abstractions. The system
successfully rediscovered the Reck decomposition and
identified novel patterns distinct from 5 × 5 independent
learning. One such pattern can be expressed by the
diagonalization relation D ¼ L5;1L4;0L5;0UR5;2R5;3R5;4

R4;1R4;2R3;0R4;3R3;1R2;0R3;2R2;1R1;0. This demonstrates
that curriculum learning effectively navigates the expanded
search space to uncover both classical and genuinely new
decomposition strategies.
Beyond universal decompositions, the system also dis-

covers structure-aware reductions for specific matrix classes,
without requiring any specialized analytical rules. We iden-
tify two broad categories of such structure-aware reductions.
The first category comprises analytically structured

matrices, with Householder matrices serving as a prime
example. Defined asH ¼ I − 2vv† (I is the identity matrix,
v∈CN , kvk ¼ 1), Householder matrices are unitary reflec-
tors widely used in mathematics and physics for stable
unitary transformations, including tridiagonalization of
Hamiltonians and eigenvalue calculations in quantum
and many-body systems [34–36]. By exploiting these
inherent structural constraints, our system autonomously
identifies a dimension-independent decomposition rule
that strictly bounds the total MZI count to 2N − 3.
The recursive logic is as follows: extending to N þ 1
dimensions requires prepending two operations, LN;0 fol-
lowed by RN;N−1, to the N-dimensional sequence. At
N ¼ 6, the corresponding diagonalization relation is
D ¼ L4;0L5;0HR5;4R4;3R3;0R3;1R3;2R2;1R1;0 (9 operations
¼ 2 × 6 − 3). This strategy reduces the hardware scaling
from the universal quadratic bound of NðN − 1Þ=2 to a
linear complexity. When evaluated at N ¼ 64, this
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generalized rule perfectly reconstructs the unitary using
only 125 MZIs instead of 2016. This represents a sub-
stantial 93.8% reduction in hardware components, verified
at machine precision without any retraining.
The second category involves sparse matrices. In our

framework, an arbitrary input W is decomposed via SVD
(W ¼ UΣV†), where the unitary factors U and V† inherit
the sparsity of W and are further decomposed into MZI
sequences. Our system exploits this inherited structure to
discover highly efficient MZI sequences. We validate this
on N ¼ 6 matrices using two sparsity models: an NNZ-
controlled setting (NNZ: number of nonzero elements) with
a fixed number of nonzero elements in W, and a Bernoulli
model where each element of W is independently zeroed
with probability p [37,38]. As shown in Fig. 3, the system
achieves significant reductions relative to the universal
theoretical bound NðN − 1Þ=2, and these reductions
generally increase with matrix sparsity. Under the NNZ-
controlled model, reductions begin around 39% sparsity
and reach up to 31% at 89% sparsity. Under the Bernoulli
model, reductions emerge around 40% sparsity and grow
more steeply at high sparsity, reaching up to 38% at 95%
sparsity. This overall trend is consistent across both models,
confirming that the efficiency gains reflect intrinsic struc-
tural properties of sparse unitaries rather than artifacts of
specific matrix generation. For arbitrary unstructured
sparse matrices, the discovered patterns are instance-spe-
cific, as there is no well-defined correspondence between
sparsity patterns at different dimensions.
These MZI reductions can provide practical hardware

benefits: fewer components can help reduce optical insertion
loss [23], calibration complexity [39], and power consump-
tion [40]. Although synthesized topologies may be irregular,
modern photonic design flows increasingly support auto-
mated placement and routing under physical constraints such
as bend radius and waveguide crossings [41,42].

In conclusion, our results show that program synthesis can
uncover generalizable algorithmic structures for universal
unitaries—going beyond known schemes to reveal decom-
position principles and resource optimizations that classical
Reck and Clements designs cannot capture. Built on a
complex-valued matrix decomposition domain, our frame-
work combines symbolic reasoning with physically grounded
MZI primitives to systematically generate and verify decom-
position programs, providing a scalable foundation that can
be extended to broader quantum information tasks. These
automatically generated constructions encode systematic
construction methods, demonstrating the potential of AI-
driven algorithm discovery to reveal fundamental principles
and offering a powerful new approach for advancing photonic
computing and quantum information processing.
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