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A B S T R A C T

We study a network model where the spatial constraint evolves with the network growth and demonstrate
that the dynamic constraint can generally cause a non-stationary multiple scaling law in degree distribution.
In specific, we show that the different power-law segments emerge successively during the network evolution,
from a single power law at the beginning to a double one and to more scaling laws due to the particular model
setting. Our findings indicate a plausible geometric origin of the double power-law distribution and predict
the non-stationary nature accompanied by its emergence, both of which are supported by our empirical study
on the Chinese airline network.
1. Introduction

Scaling law of degree distribution is known as a typical character-
istic of many complex networks [1,2]. Numerous studies have devoted
to the mechanisms of its emergence or distortion [3–14]. One of the
factors that affect its performance is the spatial constraint, which
usually originates from maintenance cost, transmission delay or energy
dissipation and manifests itself as the preference of spatially short links
in network formation [15]. As a consequence, a node is restricted to
connect with others only nearby, which hampers the emergence of large
degree and break the scaling law. Amounts of empirical studies on road
networks [16,17], railway networks [18,19], airline networks [20–27],
Internet [28], communication networks [29], power grids [30,31] and
social interactions [32] have evidenced that the degree distribution
displays a crossover from a skewed power law to a peaked Gaussian-like
distribution with the increasing strength of the spatial constraint.

To model the spatial effect on the network structure, one can assume
that each node has an influence zone. Nodes that locate within a
particular zone can sense the influence of the corresponding node and
the edges between them are more likely to occur. A typical example is
the geometric graph [33–38], while others including the gravity models
and the spatial growth models [39–44], where the spatial constraint
is characterized as some distance decay function instead, can still
form similar zone effect, as was analyzed in Ref. [45]. By tuning the
strength of the spatial constraint, these models can produce almost all
the observed degree distributions with the only exception—the double
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power law [46], which is common in airline networks [20–27] and
whose origin remains an open question.

The spatial constraint is considered to be related to a system’s
essential attribute. Thus it is usually assumed to be static in the sense
that the zone area or the distance decay function is constant in time.
Whereas, recent empirical studies on International trade network pro-
vide definitive evidence that the decay function in gravity law is time-
dependent [47–49]. In other cases such as wireless sensor network, the
communication radius decreases with energy dissipation [50]. Indeed,
if the constraint is characterized as some kind of influence, the static
assumption is inconsistent with the principle of locality. As action at a
distance is prohibited, the influence of a new-born node cannot reach
infinity instantaneously but instead might expand like field spreads in
space. Motivated by these facts and considerations, we study the topol-
ogy and the evolution resulting from the dynamic spatial constraint and
focus on the scaling law of the degree distribution as a first step towards
the issue. As will be shown, the dynamic constraint brings that final
missing piece, i.e. the double power law, and goes further. It indicates
the existence of the multiple scaling law and predicts the non-stationary
nature in its evolution. All of them are validated by the empirical data.

The rest of the paper is organized as follows. In Section 2, we
present the description of our model, including two different dynamic
constraint rules in particular. In Section 3, we study the degree dis-
tribution both analytically and by simulation, showing their multiple
scaling-law behavior and non-stationary property. In Section 4 we test
960-0779/© 2023 Elsevier Ltd. All rights reserved.

https://doi.org/10.1016/j.chaos.2023.113300
Received 12 December 2022; Received in revised form 20 February 2023; Accepted
 21 February 2023

https://www.elsevier.com/locate/chaos
http://www.elsevier.com/locate/chaos
mailto:qianjianghai@shiep.edu.cn
mailto:ddhan@fudan.edu.cn
mailto:mayugang@fudan.edu.cn
https://doi.org/10.1016/j.chaos.2023.113300
https://doi.org/10.1016/j.chaos.2023.113300
http://crossmark.crossref.org/dialog/?doi=10.1016/j.chaos.2023.113300&domain=pdf


Chaos, Solitons and Fractals: the interdisciplinary journal of Nonlinear Science, and Nonequilibrium and Complex Phenomena 169 (2023) 113300J.-H. Qian et al.
Fig. 1. An example of the key procedures in our model. (a). Creation of new links,
corresponding to the evolution rule ii and iii. A node 𝑢(either a new-coming one or
a chosen existing one) is located within the influence zone of node 𝑖 and node 𝑗 but
outside of the zone of node 𝑣, which represents that we have 𝐺𝑢 = {𝑖, 𝑗}. It then chooses
either 𝑖 or 𝑗 according to the preferential attachment to create a new link. (b). Change
of zone area, corresponding to the evolution rule iv. A node changes its zone area
according to a particular dynamic rule of the influence zone. In this case, node 𝑗 is
chosen. Its influence zone changes from the dashed circle to a small solid one, and
correspondingly it is excluded from 𝐺𝑢.

our theory empirically and discuss the possible origin of the dynamic
constraint observed in the airline network. In Section 5 we draw the
conclusion.

2. Model description

Our model is constructed on a 10 × 10 square plane with periodic
boundary. The network grows by continuously adding nodes and edges.
For each node, it possesses an influence zone whose shape is assumed to
be circular and whose area can evolve with time. The key principle of
our model is that a node can only connect with others whose influence
zones cover its position. The specific rules of our model are presented
below and a concise example is illustrated in Fig. 1 to clarify some key
procedures.

1. Evolution rule of the network
(i). At each time step, a new node 𝑢 with the initial zone area 𝑆0 is

added to the network and is placed at a randomly chosen position.
(ii). The new-coming node 𝑢 selects a node 𝑖 within the set 𝐺𝑢

according to the probability 𝑘𝑖
∑

𝑖∈𝐺𝑢 𝑘𝑖
to create a new link, where 𝑘𝑖 is

the degree of node 𝑖 that belongs to 𝐺𝑢 and 𝐺𝑢 is composed of all the
existing nodes whose influence zones cover the position of 𝑢.

(iii). Select an existing node 𝑢′ according to the probability 𝑘𝑢′
∑

𝑢 𝑘𝑢
,

and 𝑢′ creates another new link by the same rule as that in (ii).
(iv). Refresh the zone area according to a particular dynamic rule of

the influence zone (specified down below) and then repeat the whole
process.

2. Dynamic rule of the influence zone
We introduce three different dynamic rules for the influence zone.
(a). Static rule: the zone area of each node keeps 𝑆0 unchanged

during the network evolution.
(b). Change with degree: Given an ascending degree sequence

{𝑘1, 𝑘2,… , 𝑘𝑁} and a zone area sequence {𝑆1, 𝑆2,… , 𝑆𝑁}, for each
node, once its degree exceeds 𝑘𝑛, its zone area changes to 𝑆𝑛 imme-
diately, where 𝑛 ∈ {1, 2,… , 𝑁}.

(c). Change by random selection: Given a zone area sequence
{𝑆0, 𝑆1, 𝑆2,… , 𝑆𝑁}, at each time step, a randomly chosen node changes
its zone area 𝑆𝑛 to 𝑆𝑛+1, where 𝑛 ∈ {0, 1, 2,… , 𝑁 − 1}. If the node has
already reached the final area 𝑆𝑁 , it remains unchanged.

It should be noted that the degree sequence here is not equivalent
to that in the configuration model [3]. Its elements represent a series
of predefined thresholds rather than the expected degree of nodes.
Accordingly, the 𝑁 here does not correspond to the number of nodes.
To avoid possible confusion of the notations, we clarify that when we
2

use the subscript 𝑛, 𝑁 or some specific numbers, 𝑆 and 𝑘 refer to the
elements in the above-mentioned sequences, while for the subscript 𝑖
and 𝑢, they mean in general the zone area and the degree of a particular
node.

In the early stage of the evolution, there are only a few nodes
distributed sparsely on the plane. It is very likely that the set 𝐺𝑢 of some
nodes is empty. If these nodes are chosen, no new links will be created
and we just continue the procedure. This will result in some isolated
nodes and the network is disconnected at this stage. With the increase
of the node density, the number of the empty sets vanishes. Those
isolated nodes get chances to form links and the network becomes
connected with few exceptional nodes which will not affect the whole
structure. In this paper, we are only interested in the state of the
network with spatially high node density, so that the initial effects can
be ignored.

3. Scaling law of degree distribution

Let 𝐴 be the area of the whole plane. The probability of a node 𝑖 to
be connected by another node 𝑢 is

𝑝𝑖 =
𝑆𝑖
𝐴

𝑘𝑖
∑

𝑖∈𝐺𝑢
𝑘𝑖
. (1)

From the view of the mean-field theory, each node 𝑖 in the network
contributes its degree weighted by 𝑆𝑖

𝐴 to ∑

𝑖∈𝐺𝑢
𝑘𝑖, giving 1

𝐴
∑

𝑖 𝑆𝑖𝑘𝑖 in
all. Then Eq. (1) is rewritten as

𝑝𝑖 =
𝑆𝑖𝑘𝑖

∑

𝑖 𝑆𝑖𝑘𝑖
. (2)

At each time step, the degree increment of node 𝑖 comes from
three contributions, including the contribution of the new link from
a new-coming node, which gives increment 𝑝𝑖, the contribution of the
preferential selection of an existing node, which gives increment 𝑘𝑖

∑

𝑖 𝑘𝑖
and the contribution of the new link from an existing node, which gives
increment 𝑝𝑖. The increase rate of degree 𝑘𝑖 is the sum of the three parts,
resulting in the dynamical equation
𝑑𝑘𝑖
𝑑𝑡

=
2𝑆𝑖𝑘𝑖
∑

𝑖 𝑆𝑖𝑘𝑖
+

𝑘𝑖
∑

𝑖 𝑘𝑖
. (3)

3.1. Static zone area

If all the zone area remains 𝑆0, Eq. (2) degenerates into the classical
preferential attachment

𝑝𝑖 =
𝑘𝑖

∑

𝑖 𝑘𝑖
, (4)

and Eq. (3) is reduced to
𝑑𝑘𝑖
𝑑𝑡

=
3𝑘𝑖
∑

𝑖 𝑘𝑖
, (5)

where ∑

𝑖 𝑘𝑖 ∼ 4𝑡. Using the initial condition 𝑘𝑖(𝑖) = 1, we get 𝑘𝑖(𝑡) =
( 𝑡𝑖 )

3
4 . The standard treatment in Ref. [5] helps to derive the comple-

mentary cumulative degree distribution. It follows a single scaling law

𝑃 (𝑘) = 𝑘−
4
3 . (6)

The simulations are in agreement with Eq. (6), as shown in Fig. 2.

3.2. Zone area changing with degree

We start with the simplest case that the degree sequence and the
zone area sequence are {𝑘1} and {𝑆1} respectively. Before any node
reaches 𝑘1, there exists only the zone area 𝑆0 and the dynamical
equation is exactly the same as Eq. (5). A single power law is therefore
to be expected at the early stage of the evolution.
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Fig. 2. The complementary cumulative degree distribution under the static rule. The
simulations are executed for three different 𝑆0 and reach 1.5 × 104 nodes in network
ize. The distribution displays a single power law with exponent − 4

3
(represented by

the solid line) regardless of 𝑆0, which is consistent with Eq. (6).

Once there is a node exceeding 𝑘1, Eq. (3) is split into two parts,
𝑑𝑘𝑖
𝑑𝑡

=
2𝑆0𝑘𝑖

𝑆0
∑

𝑖|≤𝑘1 𝑘𝑖 + 𝑆1
∑

𝑖|>𝑘1
𝑘𝑖

+
𝑘𝑖

∑

𝑖 𝑘𝑖
, 𝑘𝑖 ≤ 𝑘1,

𝑑𝑘𝑖
𝑑𝑡

=
2𝑆1𝑘𝑖

𝑆0
∑

𝑖|≤𝑘1 𝑘𝑖 + 𝑆1
∑

𝑖|>𝑘1
𝑘𝑖

+
𝑘𝑖

∑

𝑖 𝑘𝑖
, 𝑘𝑖 > 𝑘1,

(7)

here the notations ∑𝑖|≤𝑘1 and ∑

𝑖|>𝑘1
represent the sum over all nodes

with 𝑘𝑖 ≤ 𝑘1 and 𝑘𝑖 > 𝑘1 respectively. Let 𝑓0(𝑡) =
∑

𝑖|≤𝑘1 𝑘𝑖 and
1(𝑡) =

∑

𝑖|>𝑘1
𝑘𝑖. The addition of a new link between a new-coming

ode and an existing node always increases 𝑓0(𝑡) by 1. In addition, it
generates unit increment for 𝑓0(𝑡) if it is attached to a node with 𝑘 < 𝑘1,
but decreases 𝑓0(𝑡) by 𝑘1 if it is attached to a node with 𝑘 = 𝑘1 since this
ode’s zone area changes to 𝑆1. The derivation of the two contributions
equires the probability of this link to be attached to a node with 𝑘1,

which is given by 𝑆0𝑘1𝑝1𝑡
𝑆0𝑓0(𝑡)+𝑆1𝑓1(𝑡)

, where 𝑝1 is the ratio of the nodes with
egree 𝑘1. The contributions of a new link created between two existing
odes can be analyzed in the similar way. The increase rate 𝑑𝑓0(𝑡)

𝑑𝑡 is the
um of all these contributions and 𝑑𝑓1(𝑡)

𝑑𝑡 can be obtained analogously,
esulting in

𝑑𝑓0(𝑡)
𝑑𝑡

= 1 + 2
𝑆0𝑓0(𝑡) − 𝑆0𝑝1𝑘21𝑡
𝑆0𝑓0(𝑡) + 𝑆1𝑓1(𝑡)

+
𝑓0(𝑡) − 𝑝1𝑘21𝑡

4𝑡
,

𝑑𝑓1(𝑡)
𝑑𝑡

= 2
𝑆1𝑓1(𝑡) + 𝑆0𝑝1𝑘21𝑡
𝑆0𝑓0(𝑡) + 𝑆1𝑓1(𝑡)

+
𝑓1(𝑡) + 𝑝1𝑘21𝑡

4𝑡
,

(8)

here we use 𝑘1 + 1 ≃ 𝑘1.
Eq. (8) has a set of solutions in the form of 𝑓0(𝑡) = 𝐶0𝑡 and 𝑓1(𝑡) =

1𝑡, with 𝐶0 and 𝐶1 following the constraint 𝐶0 + 𝐶1 = 4 and the
self-consistent relation

𝐶0 = 1 + 2
𝑆0𝐶0 − 𝑆0𝑝1𝑘21

𝐶
+

𝐶0 − 𝑝1𝑘21
4

,

1 = 2
𝑆1𝐶1 + 𝑆0𝑝1𝑘21

𝐶
+

𝐶1 + 𝑝1𝑘21
4

,

(9)

here 𝐶 = 𝑆0𝐶0+𝑆1𝐶1. We can solve 𝑘𝑖(𝑡) by substituting the solutions
ack into Eq. (7), deriving

𝑖(𝑡) = ( 𝑡
𝑖
)

1
𝛾0 , 𝑘𝑖 ≤ 𝑘1,

𝑖(𝑡) = 𝑘1(
𝑡
𝑡1
)

1
𝛾1 , 𝑘𝑖 > 𝑘1,

(10)

here 𝛾0 = 4𝐶
8𝑆0+𝐶

, 𝛾1 = 4𝐶
8𝑆1+𝐶

and 𝑡1 = 𝑖𝑘𝛾01 . Here 𝑡1 is the time when
the zone area of node 𝑖 changes to 𝑆 , which is obtained from the first
3

1

Fig. 3. The complementary cumulative degree distribution under the dynamic rule(b)
with the sequence length 𝑁 = 1. The simulations are executed for three different
combinations of 𝑆0 and 𝑆1. The degree sequence is set to {𝑘1} = {30} and the network
size reaches 1.5 × 104 nodes. The dashed line in between, drawn according to the
exponent of the single power law (Eq. (6)), is a guide for eyes. The data points
of different colors are shifted upwards or downwards for better visualization. When
𝑆0 > 𝑆1, 𝑃 (𝑘) is a normal double power law with 𝛾0 < 𝛾1. When 𝑆0 < 𝑆1, it is an
inverted one with 𝛾0 > 𝛾1. The result is in agreement with Eq. (11). (For interpretation
of the references to color in this figure legend, the reader is referred to the web version
of this article.)

equation in Eq. (10) by letting 𝑘𝑖(𝑡) = 𝑘1. Then the complementary
cumulative degree distribution can be derived and we find

𝑃 (𝑘) =

{

𝑘−𝛾0 , 𝑘 ≤ 𝑘1
𝜆𝑘−𝛾1 , 𝑘 > 𝑘1

(11)

here 𝜆 = 𝑘
2𝛾0𝛾1

𝑆0−𝑆1
𝐶

1 . From Eq. (11) we can calculate the ratio 𝑝1
by 𝑝1 = − 𝜕𝑃 (𝑘)

𝜕𝑘 |𝑘=𝑘1 . Substituting it into Eq. (9) and combining the
constraint 𝐶0 + 𝐶1 = 4, we arrive at the self-consistent relation of 𝐶
as given by Eq. (12) and complete the whole derivation,

4𝐶(𝑆0 − 𝑆1)𝑘
8𝑆0−3𝐶
8𝑆0+𝐶
1 = (4𝑆0 − 𝐶)(3𝐶 − 8𝑆1). (12)

Eq. (11) shows that the second scaling-law segment of 𝑃 (𝑘) is born
at this stage of the evolution and the degree distribution becomes a
double power law with a transition degree at 𝑘1, which is defined as the
point where two different scaling-law segments meet [46]. If 𝑆0 > 𝑆1,

e have 𝛾0 < 𝛾1. The degree distribution is a normal double power law
hich has been observed in a variety of complex systems [20–27,51–
7]. If 𝑆0 < 𝑆1, 𝑃 (𝑘) is an inverted double power law with 𝛾0 > 𝛾1,
nd for 𝑆0 = 𝑆1 a single scaling law is recovered. Figs. 3 and 4 present
he simulation results of the degree distribution and the measurement
f the power-law exponents respectively. They show good agreement
ith the analytical result. For details of our data analysis of the multiple

caling law, refer to the description in Appendix A.
We now turn to some more complicated cases. If the two sequences

re {𝑘1, 𝑘2} and {𝑆1, 𝑆2}, before any node reaches 𝑘2, the network
volution is the same with the simplest case as discussed above. Once
here is a node exceeding 𝑘2, a new dynamical equation is to be
dded to Eq. (7) to involve the evolution of the nodes with zone
rea 𝑆2. One can use the same analytical technique to show 𝑃 (𝑘) will
volve to be a triple power law with two transition degrees at 𝑘1
nd 𝑘2. The similar results can be further generalized to the situation
f {𝑘1, 𝑘2,… , 𝑘𝑁} and {𝑆1, 𝑆2,… , 𝑆𝑁} with arbitrary 𝑁 . Generally,
he different scaling-law segments emerge successively, causing a non-
tationary 𝑃 (𝑘) during the evolution, and finally forms 𝑁+1 power-law
arts with the (𝑛+1)th exponent 𝛾𝑛 =

4𝐶
8𝑆𝑛+𝐶

and 𝑁 transition points at
𝑘1, 𝑘2,… , 𝑘𝑁 . Technically, a clear presentation of the multiple scaling

law depends on the parameters 𝛥𝑆(= 𝑆𝑛 − 𝑆𝑛−1) and 𝛥𝜅(= ln 𝑘𝑛 −
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a

Fig. 4. The power-law exponents of the two tails of the degree distribution, measured under the dynamic rule(b) with the sequence length 𝑁 = 1 and plotted versus 𝑆1 for two
different 𝑆0. The degree sequence is set to {𝑘1} = {30} and the network size reaches 1.5 × 104 nodes. Each data point is an average over 20 independent runs. The dashed lines
nd the solid lines are the theoretical predictions of the exponents of the upper tail and the lower tail respectively. They present nice agreement with the simulation results.
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Fig. 5. The evolution of the complementary cumulative degree distribution under the
dynamic rule(b) with the sequence length 𝑁 = 2. The degree sequence and the zone
area sequence are set to {𝑘1 , 𝑘2} = {15, 35} and {𝑆0 , 𝑆1 , 𝑆2} = {50, 20, 5} respectively.
The three figures are the snapshots of a run at 𝑡 = 800(𝑎), 2500(𝑏), 15000(𝑐). The different
power-law segments are marked by different colors for better discrimination. The
dashed lines, drawn according to the theoretical exponents, are served as guides for
eyes. The degree distribution displays a crossover from a single power law to a double
one and finally to a triple one, presenting a non-stationary evolution as predicted by
the theoretical analysis. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

ln 𝑘𝑛−1), which control the difference between two consecutive power-
law exponents and the spacing between adjacent transition degree on
log–log plot, respectively. Large 𝛥𝑆 and 𝛥𝜅 are therefore essential
for the recognizable power-law segments, otherwise the segments get
either close in slope or short in length, blurring the multiple scaling-law
performance. In Fig. 5 we show the evolution of a triple power-law
degree distribution. The non-stationary dynamics and the scaling-law
performance are consistent with the theoretical analysis.

3.3. Zone area changing by random selection

Consider a node 𝑖 with zone area 𝑆𝑖 = 𝑆𝑛, where 𝑛 ∈ {0, 1, 2,… , 𝑁},
Eq. (3) in this case can be rewritten as
𝑑𝑘𝑖
𝑑𝑡

=
2𝑆𝑛𝑘𝑖

∑

𝑛
∑

𝑖|=𝑆𝑛
𝑆𝑛𝑘𝑖

+
𝑘𝑖

∑

𝑖 𝑘𝑖
, (13)

where the notation ∑

𝑖|=𝑆𝑛
represents the sum over all nodes 𝑖 with

𝑆𝑖 = 𝑆𝑛. Let 𝑓𝑛(𝑡) =
∑

𝑖|=𝑆𝑛
𝑘𝑖, the increase rate of 𝑓𝑛(𝑡) follows

𝑑𝑓𝑛(𝑡)
𝑑𝑡

=𝛿0𝑛 +
2𝑆𝑛𝑓𝑛(𝑡)

∑

𝑛 𝑆𝑛𝑓𝑛(𝑡)
+

𝑓𝑛(𝑡)
∑

𝑖 𝑘𝑖

+
(1 − 𝛿0𝑛)𝑓𝑛−1(𝑡) − (1 − 𝛿𝑁𝑛)𝑓𝑛(𝑡) ,

(14)
4

𝑡

here 𝛿𝑚𝑛 is the Kronecker Delta. The last term on the right hand side
f Eq. (14) is the contribution from the change of the zone area. Since
node changes its zone area from 𝑆𝑛 to 𝑆𝑛+1 with probability 1

𝑡 , it
decreases 𝑓𝑛(𝑡) by 𝑘𝑖

𝑡 and increases 𝑓𝑛+1(𝑡) by the same quantity. The
total relevant contributions to 𝑓𝑛(𝑡) is the sum of all the increments
from the nodes with 𝑆𝑛−1 and all the decrements transferred to 𝑓𝑛+1(𝑡)
rom the nodes with 𝑆𝑛, giving the last term in Eq. (14).

Eq. (14) has a set of solutions in the form of 𝑓𝑛(𝑡) = 𝐶𝑛𝑡, with 𝐶𝑛
following the self-consistent relation

𝐶𝑛 = 𝛿0𝑛 +
2𝑆𝑛𝐶𝑛
𝐶

+
𝐶𝑛
4

+ (1 − 𝛿0𝑛)𝐶𝑛−1 − (1 − 𝛿𝑁𝑛)𝐶𝑛, (15)

where 𝐶 =
∑

𝑛 𝑆𝑛𝐶𝑛. This recursive formula allows us to derive 𝐶𝑛 as
an expression with 𝐶. Combining this with the constraint ∑

𝑛 𝐶𝑛 = 4,
e can determine 𝐶 by

(4𝐶)𝑁+1

3𝐶 − 8𝑆𝑁

𝑁−1
∏

𝑗=0

1
7𝐶 − 8𝑆𝑗

+
𝑁−1
∑

𝑛=0
(4𝐶)𝑛+1

𝑛
∏

𝑗=0

1
7𝐶 − 8𝑆𝑗

= 4, (16)

and complete the derivation of 𝑓𝑛(𝑡). Substituting the solution of 𝑓𝑛(𝑡)
back into Eq. (13), we can solve the dynamical equation and find

𝑘𝑖(𝑡) = 𝑘𝑛(
𝑡
𝑡𝑛
)

1
𝛾𝑛 , 𝑘𝑛 ≤ 𝑘𝑖 < 𝑘𝑛+1 (17)

where 𝛾𝑛 = 4𝐶
8𝑆𝑛+𝐶

, 𝑡𝑛 is the time when 𝑆𝑖 changes to 𝑆𝑛 and 𝑘𝑛 is the
corresponding degree. The scale of 𝑡𝑛 follows ∫ 𝑡𝑛−𝑖

0
1

𝑖+𝜏 𝑑𝜏 = 𝑛, which
gives

𝑡𝑛 ∼ 𝑖𝑒𝑛, 0 ≤ 𝑛 ≤ 𝑁 (18)

Taking 𝑡 = 𝑡𝑛+1 in Eq. (17), we get the recursive formula ln 𝑘𝑛+1−ln 𝑘𝑛 =
1
𝛾𝑛

and derive the transition degree

𝑘𝑛 ∼ exp(
𝑛−1
∑

𝑖=0

1
𝛾𝑖
), (19)

where we stipulate the summation takes zero if 𝑛 = 0 and infinity if
𝑛 = 𝑁 + 1, which is consistent with the initial degree 𝑘0 = 1 and the
boundless 𝑘𝑁+1 respectively. Finally we arrive at

𝑃 (𝑘) = 𝑒−𝑛( 𝑘
𝑘𝑛

)−𝛾𝑛 , 𝑘𝑛 ≤ 𝑘 < 𝑘𝑛+1 (20)

Eq. (20) demonstrates that the final steady complementary cumula-
tive degree distribution is a multiple scaling law with 𝑁 +1 power-law
segments. Note that large 𝛥𝑆 is still essential for a clear presentation
of 𝑃 (𝑘). However, noticing 𝛥𝜅 ∼ 𝑆𝑛, the scaling-law segment for
small 𝑘 could be practically invisible. In Fig. 6 we plot the simulation
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Fig. 6. The complementary cumulative degree distribution under the dynamic rule(c).
The zone area sequence {𝑆𝑛}𝑁𝑛=0 is set to 𝑆𝑛 = 𝑆0 + 𝑛𝛥𝑆 with 𝑆0 = 0.8, 𝛥𝑆 = 4
and 𝑁 = 10. The network size reaches 1.5 × 104 nodes. The different power-law
segments in the body of the distribution are marked by four different colors, while
those unrecognizable ones at both tails, caused by small 𝑆𝑛 or finite size effect, are
marked by black cycles. The dashed lines and the vertical dotted lines, drawn according
to the theoretical predictions of the scaling-law exponents and the transition degrees
respectively, are served as guides for eyes. Inset: The relation between the transition
degree and the power-law exponent. We measure the 𝑘𝑛 and the 𝛾𝑛 for those identifiable
scaling-law segments and plot the logarithmic difference ln 𝑘𝑛+1 − ln 𝑘𝑛 versus 𝛾𝑛. To
produce more data points, we run the simulation for four different 𝛥𝑆 while keeping
the other parameters unchanged. The solid curve represents the recursive formula
of our analytical result, showing nice agreement with the measurement results. (For
interpretation of the references to color in this figure legend, the reader is referred to
the web version of this article.)

result of the degree distribution and the measurement result of the
transition degree versus the power-law exponent (inset). In Fig. 7,
we plot the relation between the zone area and the corresponding
power-law exponent. All of them are consistent with the analytical
results.

The scaling-law segments do not emerge simultaneously. Indeed,
before 𝑆𝑛 appears, the network evolves in the same way with the
case {𝑆0, 𝑆1, 𝑆2,… , 𝑆𝑛−1} and only 𝑛 power-law segments are formed.
Therefore the (𝑛 + 1)th segment will not develop until the first time
that a node’s zone area reaches 𝑆𝑛, presenting a non-stationary picture
of the successive emergence of the different scaling laws. This non-
stationary property can be characterized by the long-term dynamics
of 𝐶 before it reaches its final value derived from Eq. (16). When a
new zone area 𝑆𝑛 appears in the network, 𝐶 starts a new evolution
and gradually stabilizes at the final value corresponding to the case
{𝑆0, 𝑆1, 𝑆2,… , 𝑆𝑛}. As a consequence, the increment 𝛥𝐶 between two
successive middle steady states can be evaluated by the difference
between the two corresponding final value, say 𝐶 and 𝐶 ′, which by
definition is written as 𝐶 =

∑𝑛
𝑗=0 𝑆𝑗𝐶𝑗 and 𝐶 ′ =

∑𝑛+1
𝑗=0 𝑆𝑗𝐶 ′

𝑗 . Since
the emergence of a new zone area needs exponentially long time, as
predicted by Eq. (18), we expect 𝐶(𝑡) to be a slowly changing function.
To show this, we consider an example of constant 𝛥𝑆. The increment
𝛥𝐶 is given by

𝛥𝐶 = 𝐶 ′ − 𝐶

= 𝑆𝑛+1𝐶
′
𝑛+1 +

𝑛
∑

𝑗=0
𝑆𝑗𝛥𝐶𝑗 ,

(21)

where 𝛥𝐶𝑗 = 𝐶 ′
𝑗 − 𝐶𝑗 and 𝑆𝑗 = 𝑆0 + 𝑗𝛥𝑆. The constraint ∑𝑛

𝑗=0 𝐶𝑗 =
∑𝑛+1 𝐶 ′ = 4 implies 𝐶 ∼ 4 and 𝐶 ′ ∼ 4 , leading to 𝛥𝐶 ∼
5

𝑗=0 𝑗 𝑗 𝑛+1 𝑗 𝑛+2 𝑗
4
(𝑛+1)(𝑛+2) . Substituting these results into Eq. (21), we get 𝛥𝐶 ∼ 2𝛥𝑆

for arbitrary 𝑛. Combining with Eq. (18), we find

𝐶(𝑡) ∼ 2𝛥𝑆 ln 𝑡. (22)

n Figs. 8 and 9, we plot the evolution of the degree distribution and
he evolution of the parameter 𝐶. Both of them are consistent with the
heoretical analysis.

. Empirical study

We test our theory in the Chinese airline network (CAN), a typical
ystem with both the double power law structure and the spatial
elevance. We focus on two key signatures indicated by our model,
he non-stationary evolution of the degree distribution and the inverse
hange of the zone area with the power-law exponent. If the double
ower law does arise from the dynamic spatial constraint, a crossover
f the degree distribution from a single scaling law to a double one,
nd a change of the link length before and after the transition degree
re supposed to be observed.

Our network data come from the China Traffic Yearbook (1989–
014). They provide the information about the airports(nodes) and the
light routes (links) for 25 years, which allow us to trace the evolution
f CAN from the very beginning. The link length can be obtained from
he Great Circle Mapper (http://www.gcmap.com/), where the distance
etween any pair of the cities is available. For the information about
he number of nodes and the mean degree of CAN, refer to Fig. 13 in
ppendix B.

Most studies on CAN focused on the years after 2002 [20–25], when
he double power law had already formed. To seek the dynamics of
he successive emergence of the scaling laws, we begin our observation
rom 1989, which is much earlier than all the previous studies. As is
hown in Fig. 10(a) and (b), we find the complementary cumulative
egree distribution of CAN was actually a single power law in the
irst place, while it displayed a double power law in the later years
Fig. 10(c) and (d)). The careful examination shows that it began to
urn at the year 1999 and reached the double power law in 2002, which
resents a positive result for the non-stationary property.

To capture the connection between the zone area and the power-
aw exponent, we calculate for each node the average length of the
inks created before and after it reaches the transition degree 𝑘𝑐(≈ 22),
enoted as 𝑅1 and 𝑅2 respectively. The ratio 𝑅1∕𝑅2, as the assessment
f the relative change of the zone area, is expected to be inverse to
he relative change of the power-law exponent 𝛾1∕𝛾2 according to our
odel, resulting in 𝑅1∕𝑅2 > 1 for CAN that displays 𝛾1 < 𝛾2. It is

noted that due to the scale-free nature, the majority of the nodes never
reach 𝑘𝑐 and cannot be included in the analysis. After filtering out these
nodes, the results of the remaining 29 (13.3% of the total) nodes are
plotted in Fig. 11. We find that 22 nodes out of a total of 29 present
𝑅1∕𝑅2 > 1. When removing those data points closest to 𝑅1∕𝑅2 = 1
(shaded region in Fig. 11), which might be questioned about their
reliability, one can verify that the number of the nodes with 𝑅1∕𝑅2 > 1
goes up to almost four times higher than those with 𝑅1∕𝑅2 < 1. If the
zone area is static, we expect the data points to fluctuate around the
dashed line in Fig. 11. Instead, the empirical result shows a remarkable
trend of shrinking area that is in agreement with the prediction of our
theory, which illustrates the reality of the dynamic spatial constraint
and indicates its connection with the scaling laws.

An interesting question is why the zone area in the real system tends
to shrink instead of the contrast. Indeed, the inverted double power
law seems barely reported. The similar phenomenon, which is known
as the globalization puzzle, has also been found in the international
trade system [47–49]. For transportation network, a possible clue to
the puzzle relates to the budget and the cost. We assume the links
in the spatial network can be categorized into two types according
to their length scale: the long-range links associated with the cost
that is proportional to the spatial distance and the local costless links

http://www.gcmap.com/
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Fig. 7. The relation between the zone area and the corresponding power-law exponent, measured under the dynamic rule(c). The zone area sequence {𝑆𝑛}𝑁𝑛=0 is set to 𝑆𝑛 = 𝑆0+𝑛𝛥𝑆
with 𝑆0 = 0.8, 𝑁 = 10 and 𝛥𝑆 of four different values as shown in the figure. The network size reaches 1.5 × 104 nodes. For each 𝛥𝑆, we measure the 𝛾𝑛 and determine the
corresponding 𝑆𝑛 for each identifiable scaling-law segment, and estimate the parameter 𝐶 by ∑

𝑖 𝑆𝑖𝑘𝑖∕𝑡 at 𝑡 = 15000. Each data point is an average over 20 independent runs. The
measurement results are consistent with the theoretical prediction as represented by the solid line.
Fig. 8. The evolution of the complementary cumulative degree distribution under
the dynamic rule(c). The zone area sequence {𝑆𝑛}𝑁𝑛=0 is set to 𝑆𝑛 = 𝑆0 + 𝑛𝛥𝑆 with
𝑆0 = 0.8, 𝛥𝑆 = 4 and 𝑁 = 10. The three figures are the snapshots of a run at
𝑡 = 1500(𝑎), 4000(𝑏), 10000(𝑐). The different power-law segments are marked by different
colors for better discrimination. The dashed lines are served as guides for eyes. The
unrecognizable parts at both tails are marked by brown +. The degree distribution
displays a crossover from a single power law to a multiple one, showing a non-
stationary evolution as predicted by the theoretical analysis. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of
this article.)

between geographically neighboring nodes. The same assumption has
already been applied in the generalization of the Kleinberg model [58].
Consider for each node there is a budget 𝐵 ∼ 𝑘𝑐

√

𝐴, at the beginning
the sufficient budget allows its connection to any place, resulting in a
long-range link with high probability. The corresponding length scales
as 𝑂(

√

𝐴) and 𝐵 is reduced by the quantity. The procedure continues
until 𝐵 ∼

√

𝐴. Then just one more connection can exhaust the budget
and only local connections are available in the subsequent evolution.
This causes just the effect of the discontinues reduction of the zone area
as described by our model. Generally, this procedure could occur in any
type of the transportation network. However if the spatial constraint is
too strong, the preferential attachment will be suppressed. Only those
with relatively weak constraint, such as airline networks, are closed
to the situation of our model, which helps to understand why double
power-law degree distribution is so common in airline networks.

There are some additional evidences that support our theory. In
Ref. [59], the author observed a triple power-law degree distribution in
US airlines, justifying the existence of the scaling laws with more than
two segments. We also find another plausible case in the Brazilian air-
line network, as shown in Appendix C. Also in airline network Gastner
and Newman reported a bimodal distribution in link length [60], which
is consistent with the dual scales of the link length as discussed above.
6

Fig. 9. The evolution of the parameter 𝐶 under the dynamic rule(c). The zone area
sequence {𝑆𝑛}𝑁𝑛=0 is set to 𝑆𝑛 = 𝑆0 + 𝑛𝛥𝑆 with 𝑆0 = 0.5, 𝑁 = 15, and 𝛥𝑆 = 2, 4, 5. The
network size reaches 1.5 × 104 nodes. The large 𝑁 ensures 𝐶 will not reach its final
state under the present network size so that we can study its non-stationary behavior
in the whole evolution time. For each 𝛥𝑆, we determine 𝐶 at time 𝑡 by ∑

𝑖 𝑆𝑖𝑘𝑖∕𝑡. The
resulting 𝐶(𝑡) displays an asymptotic logarithmic increase with the measured slope 4.5,
8.2, 10.4 for 𝛥𝑆 = 2, 4, 5 respectively, as indicated by the fitting lines(dashed). The
results are in agreement with Eq. (22).

To the best of our knowledge, there have been no other effective models
that can account for all these observations.

5. Conclusion

We demonstrate that a dynamic spatial constraint can generate a
multiple scaling law in network structure, irrespective of whether it
changes with some topological property or by random selection. In
particular, the multiple scaling law evolves in a non-stationary manner
that its power-law segments emerge successively in the sequence of
their corresponding zone area. The empirical study on the Chinese
airline system verifies the non-stationary property and obtains a direct
observation of the change of the average link length before and after the
transition degree, which is consistent with the theoretical prediction.
Other predictions including the existence of the triple power law and
the dual scales of the link length have also been witnessed. These results
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Fig. 10. The complementary cumulative degree distribution of CAN for four different
years. The distribution in 1989(a) and 1994(b) was a single power law while it displayed
a double power law in year 2003(c) and 2010(d). The fitting lines (dashed) are served as
guides for eyes. The empirical observation indicates that the two power-law segments
do not emerge simultaneously but in a consecutive manner, presenting a non-stationary
property in agreement with our theory.

Fig. 11. The ratio 𝑅1∕𝑅2 of each node(city) in CAN, served as an assessment of the
relative change of the zone area. 𝑅1 is obtained by averaging the link length of a node
at its last year before it reaches 𝑘𝑐 and 𝑅2 is the average over those links created after
the node reaches 𝑘𝑐 . The dashed horizontal line represents the ratio equaling to one
and the 𝑥-axis labeled as city number represents the identity assigned to each city. The
blue data points above the dashed line correspond to the shrinking zone area while the
red ones represent the opposite case. The shaded ribbon is a visualization of the region
closest to 𝑅1∕𝑅2 = 1. The figure shows a remarkable trend of shrinking area when node
degree exceeds 𝑘𝑐 . (For interpretation of the references to color in this figure legend,
the reader is referred to the web version of this article.)

validate the dependency of the multiple scaling law on the dynamic
spatial constraint and convince us of the high reliability of our theory
in explaining the origin of the double power-law distribution.

There are some other models yielding double power law. Reed
proposed one based on the geometric Brownian motion [54], which
was further expounded by Mitzenmacher [46] and spawned several
7

variants [57,61–63]. Dorogovtsev and Mendes proposed another one
by assuming a linear acceleration in network growth [55]. However
neither of them can yield the non-stationary dynamics or the scaling
laws with more than two segments. By contrast, our model presents a
wide range of consistency with the airline networks, which indicates
its high validity and particular significance to these systems.

An interesting insight brought by the dynamic spatial constraint
is the order of the creation of different types of links. Despite the
fact that the spatial network prefer short links, our empirical study
indicates a counter-intuitive result that long links have a higher priority
to access the airline network. We have shown its impact on the network
structure, while it could be even more significant for the network
function such as navigability or robustness [32,64–69], which is closely
related to the link length distribution. Understanding how systems
evolves to reach these functions requires the knowledge of how and
why the spatial constraint changes. We have tried such an explanation
for airline networks from the perspective of budget and cost, but are
still in dark for many others.

CRediT authorship contribution statement

Jiang-Hai Qian: Conceptualization, Methodology, Formal analy-
sis, Writing – original draft, Writing – review & editing, Funding
acquisition. Qi-Jia Liao: Formal analysis, Visualization, Investigation,
Software. Jing Xu: Software, Formal analysis, Investigation. Han-Yun
Chang: Visualization, Software. Ding-Ding Han: Funding acquisition.
Yu-Gang Ma: Funding acquisition, Supervision.

Declaration of competing interest

The authors declare that they have no known competing finan-
cial interests or personal relationships that could have appeared to
influence the work reported in this paper.

Data availability

Data will be made available on request.

Acknowledgments

This work was supported by the National Natural Science Foun-
dation of China (Grant No. 11875133, 12147101, and 11075057),
the Science and Technology Commission of Shanghai Municipality
(Grant No. 22JC1402500), and the Open Research Fund of Engineering
Research Center of Software/Hardware Co-design Technology and Ap-
plication, Ministry of Education (East China Normal University) (Grant
no. OP202102).

Appendix A. Methodology of the data analysis

1. Identification of the Transition Degree
In most cases, the transition degree in our data can be visually iden-

tified from the doubly logarithmic plot of the distribution. Nonetheless,
to avoid subjectivity in the data analysis, we develop a principled
approach that makes the results more reliable.

The basic idea of our method is simple. Consider a power-law
cumulative degree distribution on a log–log plot, the goodness of fit
for any of its part by a linear regression function is expected to be
almost identically good because they all fall on a single line. But if
the part we fit contains a transition degree, the fit will be significantly
worse. Therefore, the goodness of fit can tell us about the information
of the scaling property and help to locate the transition degree and
equivalently to identify the corresponding power-law segment. The
detailed procedure includes two steps.

Step 1: Find out the possible transition degree. We start from the
first or first several data points of the cumulative distribution and renew
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Fig. 12. The illustration of the identification of the transition degree in Fig. 5(c). The
solid points are the result of step 1, corresponding to the left axis that represents 𝑅2.
The green points show no significant decrease, indicating no further transition degree.
The hollow ones are the result of step 2, corresponding to the right axis that represents
𝐷𝑛. The dashed vertical lines represent the locations of the two identified transition
degree. (For interpretation of the references to color in this figure legend, the reader
is referred to the web version of this article.)

the data continually by adding in the remainders one at a time in
sequence. Meanwhile we fit the renewed data each time by performing
a least-squares linear regression on the doubly logarithmic plot and
monitor the change of the corresponding goodness of fit, quantified by
the coefficient of determination 𝑅2. The point at which the 𝑅2 starts to
ontinuously decrease is our estimation of the first transition degree,
ay 𝑘∗1. Then we remove the data points whose degree is less than 𝑘∗1
nd do all these iteratively to find out 𝑘∗2, 𝑘∗3, 𝑘∗4, . . . , until there is
o significant decrease in the 𝑅2, which indicates no further transition
egree.

To ensure the correctness of the results, we introduce another
easure of the goodness of fit, the distance 𝐷𝑛, to test the candidate

ransition degree 𝑘∗𝑛 found in step 1, which is defined as

𝑛(𝑘) = max
𝑘∗𝑛−1<𝑥<𝑘

|𝑙𝑛𝑆𝑛(𝑥) − 𝑙𝑛𝑃𝑛(𝑥)|, (A.1)

where 𝑆𝑛(𝑥) is the cumulative distribution function of the data with
value at least 𝑘∗𝑛−1 (we stipulate 𝑘∗0 = 1), and 𝑃𝑛(𝑥) is the cumulative
distribution function for the power-law model that best fits the data in
the region 𝑘∗𝑛−1 < 𝑥 < 𝑘∗𝑛. Step 2 is described as follow.

Step 2: Test the identified transition degrees. We calculate 𝐷𝑛(𝑘)
for each 𝑘 > 𝑘∗𝑛−1 and monitor its change with 𝑘. If the critical point
where 𝐷𝑛(𝑘) starts to continuously increase is consistent with 𝑘∗𝑛, 𝑘∗𝑛
passes the test and is considered as an effective measurement of the
𝑛th transition degree 𝑘𝑛. Otherwise we abandon it and let 𝑘∗𝑛 = 𝑘∗𝑛+1 for
all the subsequent 𝑛. We start from 𝑛 = 1 and do this iteratively until
we complete all the tests.

As an example, Fig. 12 illustrates the identification result of Fig. 5(c).
The transition degree is identified as {𝑘∗1 , 𝑘

∗
2} = {15, 35}, in agreement

with the predefined {𝑘1, 𝑘2}. When we identify the transition degree,
we equivalently identify the power-law segment. Each segment is
simply established by the corresponding transition degree at its two
ends, as we have illustrated in Figs. 5, 6 and 8. One may argue that the
method is based on the prior assumption that each segment is power
law, which needs to be verified in the first place. However we can do
the hypothesis test for these identified segments(as we will do next)
and if they pass the test, the whole method is self-consistent.

2. Hypothesis Test
After having identified the transition degree, we set about checking
8

whether the distribution is a multiple power law. We can do the
Fig. 13. The evolution of the number of nodes and the mean degree of CAN. The
size of CAN grows from 29 cities in 1989 up to 175 cities in 2014. The mean degree
increases from 4.9 and has been stabilizing at about 9.5 since 1999.

hypothesis test for each identified segment and each two adjacent
segments as a whole respectively by applying the method in Ref. [2]. If
all the segments pass the test while all the two adjacent ones fail, it can
be concluded that each single segment follows power law but neither
of the any adjacent two has the same scaling property, which suggests
a multiple scaling law in terms of the present segment identification.

We choose the commonly used threshold of 𝑝 value, 𝑝𝑐 = 0.05,
o rule out the hypothesis. If the 𝑝 value is significantly higher than
he threshold (say 𝑝 > 0.1 as suggested by Ref. [2]), the power-law
istribution is acceptable. If 𝑝 is lower than 𝑝𝑐 , it is ruled out. We
o the test for both the simulation data and the empirical data of
AN, and find that all the single segments of the distributions pass the
est (namely 𝑝 > 0.1). In contrast, 𝑝 values of the adjacent ones as a
hole are significantly small. Most of them drop directly to zero and

he others also fall below the threshold. The test results confirm the
ultiple scaling-law property and can also be served as a double check

or the validity of the identification of the power-law segments.

. Exponent Estimation
Based on the above results, we can fit each segment with power-

aw model confidently and estimate the exponents by the method of
aximum likelihood estimation [2], which gives the results illustrated

n Fig. 4, inset of Figs. 6 and 7 in this paper.

ppendix B. Evolution of the number of nodes and the mean
egree of CAN

See Fig. 13.

ppendix C. Degree distribution of Brazilian airline network

The data come from the Brazilian National Agency of Civil Avia-
ion (http://www.anac.gov.br) and are extracted from the electronic
iles of the Air Transportation Annual Report which contains specific
nformation about flights and statistics about the airline companies
perating in Brazil. The complementary cumulative degree distribution
f the network for year 2018 is plotted in Fig. 14. It displays a triple
ower-law-like distribution.

http://www.anac.gov.br
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Fig. 14. The complementary cumulative degree distribution of Brazilian airline net-
ork for year 2018. It displays a triple power-law-like distribution. The fitting lines

dashed) are served as guides for eyes.
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