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ABSTRACT

This paper proposes a recursive traffic percolation framework to capture the dynamics of cascading failures and analyze potential overloaded
bottlenecks. In particular, compared to current work, the influence of external flow is considered, providing a new perspective for the study
of regional commuting. Finally, we present an empirical study to verify the accuracy and effectiveness of our framework. Further analysis
indicates that external flows from different regions affect the network. Our work requires only primary data and verifies the improvement of
the functional network.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0137726

Traffic percolation has attracted widespread attention in recent
years. The transition between isolated local and global flows helps
to understand the intrinsic feature of traffic dynamics. For com-
muting in an open area of a city, it includes both the traffic within
its road network and the flow exchange with external areas. Here,
we study the cascading failure of traffic percolation in urban
transportation systems. We propose a recursive traffic percola-
tion framework to capture the dynamics of cascading failures and
analyze the potential overloaded bottlenecks. First, we use pop-
ulation data to generate trips from origins to destinations and
consider internal and external flows. Then, we assign trips to the
road network via the shortest paths and convert the load on each
road segment to velocity based on the car-following model. We
repeatedly perform edge removal and load redistribution until
no more edges are removed from the functional network. By
traversing the percolation threshold, the phase transition of the
percolation process occurs where the second-largest giant com-
ponent reaches its maximum. We define the edges causing this
transition as bottlenecks. We show that the proposed percolation
framework is helpful in capturing the dynamics of cascading

failures and find the network bottlenecks. By improving the
volume of identified bottlenecks, the global flow is benefited and
the phase transition of percolation is delayed.

I. INTRODUCTION

Urban transportation systems are susceptible to various factors,
such as weather, special events, and congestion, resulting in high
traffic delays.1–6 The typical approach to improving urban trans-
portation is to reduce delays under normal conditions. Efforts have
been made to improve traffic efficiency by improving road network
infrastructure and organizing traffic demands.7–10 However, stud-
ies have found that even minor improvements in bottlenecks can
significantly impact global mobility.11,12

Percolation theory13–25 has significantly contributed to describ-
ing the structure, functionality, and resilience of transportation
systems from the perspective of network science. In traffic perco-
lation (TP),26–28 intersections in the road network are mapped as
nodes, and roads are modeled as edges weighted by traffic indicators,
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such as the ratio of instantaneous velocity to the upper-velocity
limit. The edge failure of the converted network represents extreme
conditions in urban transportation systems, such as congestion. TP
simulates edge failure by gradually removing edges from the net-
work as the threshold approaches. The breakdown of the network
under edge removal is not a gradual process. Removing a small frac-
tion of edges has only a limited effect on network integrity. The
network breaks into disconnected components once the proportion
of removed edges reaches a critical threshold. The impact of edge
failure is typically measured by the size change of the networks’
giant components. When the largest giant component disintegrates,
with the second-largest giant component reaching its maximum,
the phase transition occurs where global flows are separated into
isolated local flows by bottlenecks.

Mining real time series data captures the dynamic characteris-
tics of urban traffic systems and indicates that different bottlenecks
accompanied the evolution of the global flow organization at dif-
ferent times of the day.29 However, it is challenging to measure the
evolutionary behavior of the urban transportation system after opti-
mization. How to evaluate the optimization of the system before
its operation becomes an essentially issue. On the basis of known
topology, TP alone is only an evaluation of the system performance,
which is insufficient to verify the bottleneck improvement. The load
redistribution due to congestion needs to be considered. If an edge
congests, the load on the edge will choose other edges with less
latency, resulting in a redistribution of load in the network. The
new load may exceed some edges’ capacities and then congest these
edges, which is called a cascading failure. Consequently, a significant
fraction of the network can be shut down.30–33

This paper intends to fill the gap and build the connection
between TP and load redistribution. To implement a mechanism
for load redistribution, we introduce a recursive traffic percolation
(RTP) framework that contains trip generation, load assignment,
velocity conversion, and edge removal. Edges with velocity ratios
below the percolation threshold are considered congested and are
removed from the network. The process of load redistribution and
edge removal is repeated on the remaining network and finally gen-
erates a network that is still functional at this threshold. By travers-
ing the percolation threshold, the phase transition occurs where the
second-largest giant strong component reaches its maximum. The
edges causing this transition are identified as the bottlenecks. We
also consider external traffic into the network in this framework.
The actual congestion conditions of the removed edges verify the
model’s accuracy. An empirical study on the district scale reveals
the effectiveness of the model.

The rest of the paper is organized as follows. Section II presents
the proposed framework of RTP and the vulnerability metrics.
Section III shows the empirical study in Yangpu District, Shanghai.
Section IV summarizes the conclusions of this study and proposes
some future directions.

II. METHODS

We apply an approach expanded on the model developed in
Ref. 34. The framework is shown in Fig. 1. We first generate a
directed weighted network using population distribution and road
network topology, followed by RTP over the generated network.
RTP includes mainly four steps. First, the radiation model gener-
ates trips between the origin and destination regions.35 Second, the
trips are assigned to the road network via the shortest paths. Third,
the load on each road segment is converted to velocity according to
a car-following model. Finally, the edges with velocity ratios below
the threshold are considered dysfunctional and removed from the
network. These four steps are repeated for a given velocity ratio
threshold until no more edges are removed from the functional
network.

A. Trip generation

We use the population counts from WorldPop36 as a proxy
for trip numbers, formatted as Geotiff at a resolution of approxi-
mately 100 m. We build Voronoi polygons37 around intersections as
shown in Fig. 2(a) and calculate the population of each polygon Ni

by counting all pixels whose center is located within the polygon, as

Ni =

Ct∈Si
∑

t

Nt, (1)

where Nt is the population of pixel t, Ct is the center of the pixel
t, and Si is the shape of Voronoi polygon i. The Voronoi polygons
weighted by population counts are shown in Fig. 2(b).

Gravity models38–40 describe the inter-regional flow of travelers
in urban transportation networks. However, the need for empiri-
cal data to fit the parameters makes it unable to predict mobility in
regions where systematic data are lacking.41 Instead, the radiation
model is used in this paper. According to the radiation model, the
flow of commuters from an origin region o to a destination region
d is proportional to the populations of origin region o and desti-
nation region d and inversely proportional to the total population
within the distance between them. The fraction of commuters fod is

FIG. 1. The framework of the proposed RTP.
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FIG. 2. Voronoi polygons of Observed Yangpu district. (a) The partitioned Voronoi
polygons. The orange dots and solid lines represent the vertices and boundaries
of the Voronoi polygons, respectively. Blue dots in the polygons represent the
intersections while those out of the polygons and dashed lines are used to assist
in generating boundary shapes. (b) The Voronoi polygons weighted by population.

defined as

fod =
NoNd

(No + sod) (No + Nd + sod)
, (2)

where sod is the total population of the regions within the distance
between origin region o and destination region d, excluding the
population of destination region Nd. Then, the commuter load Lod

from origin region o to destination region d is

Lod = αNofod, (3)

while α is the proportionality coefficient of commuters to the
population of the regions.

The urban area is an open system where, in addition to intra-
regional flows, there is also an exchange of flows between external
regions. To simulate the influx of flow outside the observed area,
we increase the population of bordering regions Ni. The number
of external commuters commuting through the polygon that at the
verge of the observed area is assumed to be proportional to the
polygon’s population Ni. Then, the composite population Nbor

i com-
pounded by external flow and interior flow is used instead of the
original Ni for bordering polygons, as

Nbor
i = (1 + β)Ni, (4)

where β is the growth coefficient of the population.

B. Load assignment

Commuters are assumed to optimize their travel time by taking
the shortest path. Loads of origin–destination pairs are assumed to
be evenly distributed on the roads. The number of commuters on a
particular edge eij, denoted as load Lij, is

Lij = lij
∑

o,d

Lod

xod

θod(ij), (5)

where lij is the length of edge eij, xod is the shortest distance of origin
region o, and destination region d, θod(ij) is a binary variable equal
to 0 when the edge eij is not on the shortest path connecting nodes o
and d, and 1 otherwise.

C. Velocity conversion

We use the Daganzo model42 to derive the velocity from the
density of the road segment. Given the edge eij of length lij with lane
number mij, let Dij be the density of vehicles per unit length per lane
of eij, then the relationship between Lij and Dij is

Lij = lijmijDij. (6)

On the other hand, considering the braking distance within
reaction time tr and the vehicle length lveh, the density Dij equals

Dij =
1

lveh + vijtr

, (7)

where vij is the converted velocity of eij, which is limited from the
top at the velocity limit Vij set on the edge eij and limited from the
bottom at zero. Then,

vij =















Vij, Dij ≤
1

lveh+Vijtr
,

1
tr

(

1
Dij

− lveh

)

, 1
lveh+Vijtr

< Dij ≤
1

lveh
,

0 otherwise.

(8)

This leads to

vij =
1

tr





mij
∑

o,d
Lod
xod

θod(ij)
− lveh



 , vij ∈
[

0, Vij

]

, (9)

where lveh is assumed to be 5 m and tr is set to 2 s.
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D. Edge removal and load redistribution

For each road eij, rij is denoted with the ratio between the con-
verted velocity and upper-velocity limit as the traveling capacity
measurement, as

rij =
vij

Vij

. (10)

For a given velocity ratio threshold q, the road eij can be clas-
sified into two categories: functional when rij ≥ q and dysfunctional
for rij < q as

eij =

{

1, rij ≥ q,

0, rij < q.
(11)

Edges with velocity ratios below q are considered dysfunctional and
removed from the network. When a node has no connected edges,
this node is also removed. After removing edges and nodes, the trips
of the remaining nodes are regenerated, and loads of the remaining
edges are reassigned. The above process is repeated for the given q
value until the functional network no longer changes. The functional
network becomes sparser by traversing the threshold of velocity
ratio q from 0 to 1, and the RTP is conducted.

E. Vulnerability metrics

A giant component is a subgraph in which any two nodes are
connected. The size of the largest giant component reflects the con-
nectivity of complex networks. The second-largest giant component
is also used to detect the critical phenomenon in TP. The largest
giant strong component coefficient, denoted as G, and the second-
largest giant strong component, denoted as SG, are used to measure
the functionality of the network, which are formulated as follows:

G =
nlgc

n
, (12)

SG =
nsgc

n
, (13)

where nlgc and nsgc are the number of nodes contained in the largest
giant strong component and second-largest strong component,
respectively, and n is the number of nodes in the network.

To observe the dynamics of the functional network, the value
of q varies from 0 to 1. A hierarchy of different sizes emerges for a
specific value of q, where only clusters of roads with rij higher than
q remain. G and SG are changed with q. When q = 0, the network
is the same as the original road network; when q = 1, it becomes
completely fragmented. Critical value qc is determined as the q value
when SG reaches its maximum.

III. EXPERIMENTS

A. Geo-spatial topologies

The empirical study is conducted on the road network of
Yangpu District. We establish the road network using data from
OpenStreetMap,43 a knowledge database providing free access to
current geographical information. Main roads are extracted by
excluding minor roads, residential streets, and service roads, and

FIG. 3. Observed Yangpu District. (a) Road topology. The road topology is
formatted as a directed network. (b) Velocity ratio distribution when α = 30.
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FIG. 4. Results of interior commuting. (a) G and SG of TP. The critical value
qTPc = 0.2844. (b) G and SG of RTP. The critical value qRTPc = 0.1329.
(c) Repeated times of RTP.

FIG. 5. Origins of external flow: Zhonghuan Road (ZH), Yixian Elevated Road
(YX), Guofan Road (GF), Inner Ring Viaduct (IR). When the four regions have
external traffic inflow at the same time, it is represented as All.

nodes on the same road are aggregated. The nodes around intersec-
tions are consolidated to make clear intersections using OSMnx.44

Thus, we create the road network in which intersections are repre-
sented as nodes and roads are represented as directed edges. The
topology of Yangpu District in Shanghai is shown in Fig. 3(a).
After trip generation, load assignment and velocity conversion, the
velocity ratio distribution is shown in Fig. 3(b).

B. Results of interior commuting

When growth coefficient β = 0, there is only internal traffic
on the network. When velocity ratio threshold q is relatively small,
commuters can reach almost any place through the largest giant
strong component with a velocity ratio no less than q. However,
when q exceeds a certain value, the largest giant strong component
with a velocity ratio no less than q will be disconnected, and the
global flow will be blocked into local flows.

The results of giant strong component coefficients G and SG
changing with velocity ratio threshold q are shown in Figs. 4(a)
and 4(b). When proportionality coefficient α = 30, the critical value
of RTP qRTP

c is 0.1329 while that of TP qTP
c is 0.2844. TP can be
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TABLE I. The proportion of real congested edges to the removed edges and the

average frequency of removed congested edges.

TP RTP ZH YX IR GF All

Proportion 0.637 0.610 0.597 0.610 0.607 0.610 0.596
Frequency 4.429 4.844 4.926 4.844 4.800 4.844 4.889

regarded as the first step of RTP, in which all the edges with a veloc-
ity ratio below the threshold q are removed. The critical value qRTP

c

obtained from the evolution of load redistribution is far less than the
critical value qTP

c for only percolation once, which indicates that the
load redistribution captures the edges that subsequently suffers cas-
cading failure. The number of repeated times is shown in Fig. 4(c),
which increases significantly around the phase transition and then
flattens out overall.

The change of the network under TP is monotonous. The larger
velocity ratio threshold q is, the higher collapse rate is. In contrast,
the results of RTP show fluctuations. When the largest giant strong
component starts to collapse rapidly, SG increases to a certain extent
compared with the smaller q value, indicating that the sequence of
the edges that lost their function is crucial in cascading failure, which
leads to different subsequent evolutionary results.

C. Impact of external flow

We select Zhonghuan Road (ZH), Inner Ring Viaduct (IR),
Yixian Elevated Road (YX), and Guofan Road (GF) as the traffic
influx study regions. As shown in Fig. 5, the observed regions are
located on the boundary of Yangpu District and are the main chan-
nels connecting with other districts. The populations of these four
regions are increased both, respectively, and simultaneously. RTP is
used for these five situations.

In order to verify the accuracy of the model, we compare the

FIG. 6. Effect of external flow on critical value qc.

actual congestion conditions of the removed edges that are consid-
ered to be functionally failed. We use the congestion data obtained
from Baidu API45 to verify the congestion conditions of the removed
edges. The congestion conditions are sampled multiple times during
the morning and evening peaks. The proportion of real congested
edges in the removed edges and the average congested frequency of
removed congested edges at the critical value qc are shown in Table I.
While TP removes a slightly higher percentage of congested edges,
edges removed by RTP have higher congestion levels. There seems
to be an inverse relationship between the number of removed edges
and the congestion level of the edges, where ZH has the lowest per-
centage of removed edges but the highest congestion levels, which
matches the congestion in the area triggered by an influx of flow in
actual traffic conditions.

The relationship between critical threshold qc and growth coef-
ficient β is shown in Fig. 6. As β increases, the critical value qc

FIG. 7. Impact of the external flow on the network. (a)G and SG of TP. The critical
value qTPc = 0.2834. (b) G and SG of RTP. The critical value qRTPc = 0.1156.
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FIG. 8. Remaining nodes (largest giant component in blue and second largest giant component in red) and edges with the external commute. (a)–(g) Before the critical point:
(a) TP, (b) RTP, (c) ZH, (d) IR, (e) YX, (f) GF, (g) All; (h)–(n) At the critical point: (h) TP, (i) RTP, (j) ZH, (k) IR, (l) YX, (m) GF, (n) All.

decreases, indicating that the overall connectivity of the network is
affected by increasing external flow.

Considering the case where all four regions have an influx of
traffic and the growth coefficient β = 2, the results of G and SG

changing with percolation threshold q are shown in Fig. 7. The crit-
ical value of RTP qRTP

c is reduced from 0.1329 to 0.1156, while that

of TP qTP
c is reduced from 0.2844 to 0.2834. The more significant

FIG. 9. Detection of the bottlenecks. The removed edges are indicated by thick red lines, and the remaining edges are indicated by thin gray lines, where the shades of red
vary, with darker color indicating that the edges are broken in both directions and lighter color indicating only one direction is broken. (a) Removed edges before the critical
point. (b) Removed edges at the critical point. (c) Bottleneck: Zhongyuan Road from south to north.
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FIG. 10. The cascading edge removals at the critical point. (a)–(e) represent the first to the fifth round edge removal, respectively. The edges removed in the previous rounds
and the current round are indicated by blue lines and red lines, respectively.

changes in the critical value of RTP indicate greater sensitivity to
changes in dynamic traffic conditions.

The impact of external traffic on the network can be divided
into three specific categories. Among the four regions, ZH domi-
nates the influence of external traffic on the network since the overall
qc changes in parallel with that of ZH. As the remaining nodes and
edges before and at qc shown in Fig. 8, the largest giant strong com-
ponent and the second-largest strong giant component are divided
by the ZH. The roads around the IR are more robust and can share
the input of external traffic. YX and GF have almost no effect on the
network since the roads near these two regions are not connected to
the largest giant strong component before critical points, even when
external traffic is not considered. As a result, the congestion is gen-
erated locally, and the impact on giant components is blocked. It is
observed that when β is greater than 1.7, qc decreases rapidly, and
YX is in the largest giant strong component under the current qc.
The external of YX is absorbed by the whole network at this time.
The remaining giant components of TP and RTP are also shown in
Fig. 8. TP removes more edges than RTP since the critical value of
TP qTP

c is much larger than that of RTP qRTP
c , while G and SG are

quite similar.

D. Bottleneck detection and improvement

The edges leading to the phase transition where SG reaches its
maximum are regarded as the bottlenecks of the functional network.
By comparing the edges removed before and at the critical point, the
newly removed edges are regarded as bottlenecks, as shown in Fig. 9.
The bottleneck obtained is Zhongyuan Road from south to north,
which is also one of the congested roads at morning and evening
peaks.

The cascading edge removals are studied, as shown in Fig. 10.
It is obvious that most of the newly removed edges in this round
are adjacent to the removed edges in the previous rounds, and there
are also fewer new areas affected by global flow diffusion. It is worth
noting that, the bottleneck is found during the fifth round of edge
removal. It is through the dynamic process of cascading failure that
the hidden bottleneck is discovered.

FIG. 11. Results of improving the bottleneck detected by RTP under external
flow. (a) G and SG of TP. The critical value qTPc = 0.2834. (b) G and SG of RTP.

The critical value qRTPc = 0.1299.
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The volume of the bottlenecks is improved by increasing the
lane number mij in Eq. (9). G and SG after improving the bottle-
neck detected by RTP are shown in Fig. 11. After improvement, the
critical value of RTP qRTP

c is increased from 0.1156 to 0.1299, almost
recovered to 0.1329 when the external flow is not considered. The
conditions of TP remain the same. While improving the bottlenecks
identified by TP, qc of RTP is still 0.1156.

It is worth noting that G of RTP has a surprisingly second
increase caused by a new edge removed before the improvement of
the bottleneck. Removing more edges improves the overall network
connectivity, which is also a Braess’ paradox46 to some extent.

IV. CONCLUSION

The transition between isolated local flows and global flows
helps to understand the intrinsic characteristics of traffic dynamics.
However, in analyzing static networks, the mechanism of load redis-
tribution is neglected, and the phenomenon of cascading failures is
challenging to study.

In this paper, we propose a framework of RTP to fill this gap,
which generates trips from origins to destinations, assigns loads to
road networks via shortest paths, converts loads to velocities, and
removes edges based on velocity ratios. The combination of TP and
load redistribution captures the dynamics of the cascading failure,
finds bottlenecks during phase transitions, and verifies the bottle-
neck improvement. In specific, we consider the impact of external
flow on network performance and find the main influencing regions.
The bottlenecks found through the cascading process are enhanced
to counteract the impact of external networks to a large extent.

Using primary demographic data and network topology, we
evolve urban commuting and topological improvements in this
framework, providing a reference for congestion propagation of
traffic networks. We provide a trip proportionality coefficient and
an external traffic coefficient to enable further exploration of the
traffic relationships. Since static demographic data cannot fully
describe the directional flow of human behavior in urban commut-
ing, we will further explore the combination of human behavior
dynamics.
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