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Nucleosynthesis is a complex process in astro-nuclear evolution. In this work, we constructed a directed, multi-layer, nuclear
reaction network, using the substrate-product method from a thermonuclear reaction database, JINA REACLIB. The network
contained four layers, namely n-, p-, h- and r-, which correspond to the types of reactions involved in neutrons, protons, “He
and the remaining atomic particles, respectively. The degree values (i.e. numbers of reactions), for three layers of n-, p-, and h-,
have a significant correlation with one another, and their topological structures exhibit a similar regularity. However, the r-layer
has a more complex topological structure compared to the other layers; thus, its correlation of degree values with the other three
layers is not as strong as that seen in the other layers. To analyze the motif structure of the nuclear reaction network, we used
the software package “mfinder”. We identified the most frequent reaction patterns of the interconnections that occurred amongst
the different nuclides. This work provides a novel approach to investigating the nuclear reaction network that prevails in the

astrophysical context.

nuclear network, motif, topological structure
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1 Introduction

The nucleosynthesis of light-weight particles into heavier
particles associated with the early universe and the corre-
sponding nuclear processes, are of significant interest cur-
rent nuclear astrophysics investigations [1-15]. Much atten-
tion has been given to earlier topics, such as the exploration
up to limits of the nuclear landscape and searching for the
island of stability [16-23]. The terrestrial nuclear reaction
experiments provide a large volume of data for thermonu-
clear reaction rates. These primarily focus on stable target
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and based on these many theoretical models have been de-
veloped to calculate the binding energy of different nuclides
and the cross-sections, plus reaction rates, for different nu-
clear processes [24-42]. The JINA REACLIB database is a
well-known source of thermonuclear reaction rates [43]. The
database is continuously updated and snapshotted regularly,
by the JINA Collaboration, which aims to compile a com-
plete set of nuclear reaction rates. Importantly, the database
contains various kinds of nuclear reactions, critical parame-
ters needed for calculating reaction rates and Q values, etc.
This database provides rich resource of information needed
for nuclear-related research across various experimental di-
rections.
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Traditionally, calculations to determine nuclide abundance
could be accomplished by solving sets of time-dependent dif-
ferential equations in the database. However, this approach
can be difficult and challenging. In our previous work, we
developed an easier alternative method to determine nuclide
properties. This method relies on the construction of complex
networks to explore the topological characteristics of ther-
monuclear reactions [44]. The scope of the complex network
theory can also extended to social systems and chemical re-
actions [45-47]. The primary concept was to identify real
interacting units as nodes and determine the relationships be-
tween the two units as edges. The nodes and edges form the
basis of the graphical structure of a network. By using the
translation to form networks, the topological characteristics
and other hidden features of the real systems can be identi-
fied. As an example, self-similar “scale-free” structures with
a power-law degree distribution, is present in several systems,
such as the Internet network, naturally occurring objects, bi-
ological cells and tissues [48-50]. Additional real-world sys-
tems that possess a Poisson degree distribution, such as road
networks, also exist [51].

Our previous work [44] used the JINA REACLIB
database to present a complex network construction for the
nuclear reaction that had been previously framed. We uti-
lized the database to explore different nuclei of the net-
work [43]. This complex network is a part of a class of
of multi-layer nuclear reaction networks; in which, the con-
stituent four layers namely, n, p, h, and r, are labeled ac-
cording to each linked edge, with four types of particles, in-
cluding neutrons, protons, 4He and the remaining atomic par-
ticles. It was determined that the nuclear reaction network
exhibited a bimodal degree distribution. These findings are
very different from those of either the power-law or Pois-
son distributions. Combining the topological degree values
of the nuclei along the stability line, it was determined that
over 80% of the stable nuclides follow the same condition
(K = Kl = 2) N(Kijn = Kiou = 0), where K;7\, K[}, Kijn
and Ko, present the in-coming and out-going degree value
of the nuclei in the r-layer and aggregated network, respec-
tively [44]. This novel method can allow for the investigation
of a stable nucleus, with a half-life lower than 10° years; this
is in contrast to traditional methods [52].

Based on our previous success in describing network prop-
erties in the nuclear landscapes, here we employ a similar,
multi-layer nuclear reaction network, to explore the topolog-
ical structure and identify the properties of motifs featuring
nuclear reaction patterns, for nuclides in different layers. The
correlations of degree between the different layers were also
investigated. The present work elucidates some novel fea-
tures of prevailing nuclear reactions in the field of nuclear
astrophysics.
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2 Multi-layer nuclear reaction networks

There are 8048 nuclides and 82851 nuclear reactions within
the JINA nuclear reaction database. The substrate-product
method was applied and all nuclei (i.e. nodes) were mapped
into a directed un-weighted network, which was labeled by
the edge with three special particles (n for neutron, p for pro-
ton or & for *“He) as well as r for the remaining particles. For
each nucleus (node X), we identified the reactions as either
“in-coming” (e.g. n + ¥ — X), or “out-going” (X +n — Y).
The number of reactions for each nucleus (node) is repre-
sented by the “degree” associated with a particular node. All
nuclear reactions can be divided into four classes, based on
layer: the n-layer, p-layer, h-layer and r-layer, each “layer”
consisted of a specific type of particle involved in a given re-
action. Our previous work provides more in-depth informa-
tion about this process [44]. Using this definition, the degree
value of each nucleus, in the landscape, could be calculated
within each layer of the nuclear reaction network, as shown in
Figure 1. The degree value of each nucleus is plotted on the
N-Z plane, with the number of protons Z versus the number
of neutrons N. Different degree values are indicated by differ-
ent colors. These results indicate that the nuclei in the n-layer,
p-layer, and h-layer experience a similar degree value distri-
bution on the N-Z plane, while such regular attributes exist in
this case, additional values are distributed at the edge of the
nuclide map. When the number of protons was greater than
82 (one of magic numbers), the distribution of degree values
for the nucleus appears different, which may be attributed to
the activity of the neutrons, in the n-, p-, and h-layers. These
observations demonstrate that neutrons can also react with
the nucleus in the heavy mass region and this leads to some
nodes to experience a degree value of 2 in this region; while
the p- and h-layers are not impacted. However, the r-layer
has a distinctive degree value structure in the N-Z plane. The
primary reason for the complexity of the r-layer, is the vari-
ety of reactions in which the nuclides can participate in, such
as (y,n), (v, p), (y, @), B decay and so on. In order to demon-
strate the correlation of degree within each layer, the degree
correlation coefficient is defined as:

SHKY - KK - KD
JENKY = RMY SNk - kb

6]

Ry =

where the KlM and K lL represent the degree of the ith nucleus
in the M layer and L layer, respectively. The K and K’ are
the mean degree of all nuclei in the M layer and L layer, re-
spectively. Here the value of N is the number of all nuclides,
i.e. 8048, reported in the nuclear chart.

Figures 2 and 3 represent the degree-to-degree correlations
and their correlation coeflicients, respectively; for every two
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Figure 1 (Color online) The degree value of each nucleus in n-layer (a), p-layer (b), h-layer (c) and r-layer (d) plotted in the N-Z plane. The different colors

represent different degree values.
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Figure 2

(Color online) Degree-to-degree correlation for each two layers among n-, p-, h- and r-layers of the nuclear reaction network. From (a) to (f),

figure corresponds to np-, nh-, ph-, nr-, pr-, and hr-layers correlation, respectively. Size of circles in each point represents the frequency of correlation, and its

calibration values are inserted.

layers among n-, p-, h- and r-layers of the nuclear reaction
network. The degree-to-degree correlations of np-, nh- and
ph-layers are found to be positive and typically display an al-
most a linear behavior with a few scatterings. Furthermore, if

we see the degree correlation coefficients Ry, i.e. R,p, Run,

and R, in Figure 3, the values approach one. Of note, the
size of the circles within each correlated degree, represents
the frequency of the layer-to-layer correlation in Figure 2.
The upper panels display the degree distributions of n-, p-,
and h-layers, and demonstrated that these are basically bimo-
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Figure 3  (Color online) Two-layer degree correlation coefficients among
n-, p-, h- and r-layers of the nuclear reaction network. Ryp, Rup, Rpp, Rur,
Ry, and Ry, represent correlation of np-, nh-, ph-, nr-, pr- and hr-layers,
respectively.

dal, which differ from other typical degree distributions, such
as the power-law or Poisson types. The degree-to-degree cor-
relations of the r-layer with n-, p-, and h-layers, also display
a general positive correlation. However, they seem more di-
verse in comparison with the correlations among the n-, p-
and h-layers. Actually, the degree correlation coefficients of
Ryr, Ry, and Ry, are approximately 0.6. From the degree
distributions, shown in Figure 1, the nuclides in the JINA
database are similar in structure to those within the n-, p-
and h-layers of the reaction networks. However, a relatively
complex structure found within the r-layer of the reaction net-
work, is observed from the degree-to-degree correlation plots
(Figure 2), as well as the correlation coefficients plot Ry,
(Figure 3).

3 Topological characteristics and motifs

In real systems, repetitive structures can often occur [53, 54],
such as the regular temporal patterns found in time-varying
systems [55,56], or the molecular structures found within or-
ganisms [47] and even in the functions or subroutines that oc-
cur repeatedly in modern computer programs [57]. Repetitive
structures can also be observed in the present reaction system
scenario. The degree of each nucleus within the n-, p- and
h-layers has a regular value, except at the boundary and light
nuclei regions. In network science, these types of topological
features are represented as motifs. Even though the numerical
and statistical comparisons are made using the degree values
and the correlation coefficients of each individual layer, the
structure of the motifs require a more detailed description; in
which the various possible connections are examined to dis-
tinguish the reaction paths are considered in conjunction with
the number of linked edges.

The definition of the motifs found within the field of com-
plex network science, is constructed from patterns of the in-
terconnections, occurring in complex networks, at numbers
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that are significantly greater than those found within random-
ized networks [53]. In general, the ratio of the number of one
motif, found in a real system, to that of a motif found in a
random system, which has same size, same number of con-
nected edges and possesses the same degree values of nodes
with the real system, is referred to as the score of the mo-
tif; represented as: S; [57], S; = (OEreal) - <0§ra“d)))/0'§m“d),
where OEreal) and (Ol(.ra“d)) are the occurrence number of the
ith motif in a real network and the mean occurrence number
in a random network, respectively. We assume that O'Era“d) is
the variance of the ith motif in a random network. Of course,
different networks have different motif distributions [57].

The “mfinder” [58], “MAVisto” [59] and the “FAN-
MOD” [60] are the most commonly used statistical software
used in motif analysis. In this study, we used the “mfinder”
to analyze the structure of the motifs within the nuclear re-
action networks, which can equivocate to four or more node
motifs in real networks. According to the various combina-
tions found in the origin of the edges within nodes and di-
rections, there are 13 three-node motifs and 199 four-node
motifs found within a directed network. Amongst these, five
types of three-node motifs and seven types of four-node mo-
tifs experience the highest frequencies within the total nu-
clear reaction networks, shown in Table 1 (where the fre-
quencies of the motifs are provided). Furthermore, it was ob-
served that the number of motifs found within the nuclear re-
action network is very large, with frequencies above 10*. The
motif type id238 and id13278 occur at the highest frequen-
cies, when compared to total frequency of occurrence in all
three-node and four-node motifs, respectively. The detailed
structures of the 13 types of three-node motifs and 7 types of
four-node motifs, are shown in Figures 4 and 5, respectively.
In Figure 4, motif index 1d38, id46, id108, id110 and id238
have the greatest statistical significance, shown in Table 1; of
which motif id238 is a bidirectional, fully connected, struc-
ture. This indicates that most nodes can be transformed into
one another within the nuclear reaction networks, such as nu-
cleon absorption and decay. In Figure 5, motif id13278 is

Table 1 Five types of three-node motifs and seven types of four-node motifs
which have the highest statistics in the nuclear reaction network

Three-node motifs Four-node motifs

Order
id Frequency (unit:10%) id Frequency (unit:10%)
1 38 0.07 922 1.62
2 46 0.66 5064 4.13
3 108 0.71 5068 3.37
4 110 0.59 5086 2.19
5 238 3.87 13150 2.05
6 - - 13260 4.24
7 - - 13278 11.27
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Figure 4 Thirteen types of three-node motifs in the directed network. For
a directional single-layer network, we can identify 13 types of three-node
motifs, according to various combinations of the directional edges amongst
the three nodes. Among them, motifs id38, id46, id108, id110 and id238,
occur at the highest statistical significance, of which id238 is observed at
the highest frequency. These high statistical motifs indicate that most nodes
could be reciprocally transformed and the loop structure is very rich within
the nuclear reaction network.

id922 id5064 id5068
id5086 id13150
id13260 id13278

N

Figure 5 Seven types of four-node motifs experienced the highest statisti-
cal significance within the directed network. For a directional, single layer,
network, we identified 199 types of four-node motifs according to various
combinations of the directional edges amongst the 4 nodes. Here we show
that motif id922, id5064, id5068, id5086, id13150, id13260 and id13278, are
most frequently occurring four-node motifs. Motif id13278, is a bidirection-
ally connected structure, except for absence of a pair of nodes and occurs at
the highest statistical significance; it can be seen as a superposition of the
above mentioned three-node motif id238, as shown in Figure 4.

X

also a bidirectional and has an almost fully connected struc-
ture, except where there is an absence of an edge between
node pairs; this motif can be seen as a superposition of the
above three-node motif id238. The absence of an edge be-
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tween a pair of nodes, means that there is no direct reaction
pathway between these two nuclei (nodes); therefore, the dis-
tance between the two nodes is at least 2 or 3.

4 Discussion

A detailed analysis of a nuclear reaction is difficult using a
combination of degree values, for each nucleus within the
nuclear landscape in all four layers of the reaction networks,
and their traditional motif structures. Additionally, the nodes,
such as disseminators, relayers and community cores, often
have typical neighboring connection patterns, making it diffi-
cult to define the regularity of a structure, based on the same
degree of each node [61,62]. Therefore, we proposed a single
node motif for the analysis of the characteristics of each nu-
clear reaction. In this context, by using the proposed method
of regarding each nucleus as a motif, the nuclear reaction
pathways of each nucleus, within the multi-layer nuclear re-
action networks, have been obtained by learning the degree
of the in-coming and out-going directions.

From our analysis, we displayed the typical structures of
the motifs of the nuclides within the n-, p-, h-layers and the
r-layer, shown in Figure 6. In the n-layer, the nucleus located
at (N, Z) has in-coming edges from the nuclides located at
(N-1,2),(N-1,Z+1) and (N+1,Z+2), and has out-going
edges to the nuclides located at (N + 1,Z), (N + 1,Z - 1)
and (N — 1,Z — 2). These results correspond to the reactions
of (n,y), (n, p) and (n,@), respectively. However, for nuclide
with Z > 82 (i.e. Pb), this kind of n-layer motif vanishes
and is replaced by a simpler horizontal structure, i.e. from
(N -1,2) to (N,Z), then to (N + 1,Z). In the p-layer, the
nucleus located at (&, Z) has in-coming edges from the nu-
clides located at (N +2,Z+ 1), (N+1,Z—1)and (N,Z - 1),
and out-going edges to the nuclides located at (N —2,Z — 1),
(N—-1,Z+1)and (N, Z+ 1), This corresponds to the reactions
of (p,@), (p,n) and (p,y), respectively. However, as Z > 83
(i.e. Bi), this type of p-layer motif disappears, and no p-edge
as Z > 84 is observed. Within the A-layer, the nucleus lo-
cated at (N, Z) has in-coming edges from the nuclides located
at(N-1,Z-2),(N-2,Z-2) and (N—-2,Z-1), and out-going
edges to the nuclides located at (N + 1,Z+2), (N +2,Z +2)
and (N +2,Z + 1). This corresponds to the reactions of (@,n),
(a,y) and (a,p), respectively. However, as Z > 81 (i.e. TI),
this type of A-layer motif disappears, therefore, no edges are
observed as Z > 85. Considering the degree value from the
above single-node motif, found within three-layer networks,
we discovered that although they have the same degree value,
the influences of reactions involving neutron, proton and a-
particle, on the change of neutron and proton numbers, differ
due to the nuclear reaction law. This results in different topo-
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(Zr117 QM Zr118

Figure 6 (Color online) Examples of typical topological structures of motifs found in each layer of the nuclear reaction networks. (a)-(c) represent the n-, p-
and h-layers, respectively. (d)-(f) represent some typical motifs structures of the r-layer. The examples of central nodes are ‘2‘8Ca for (a)-(d), ggs Th for (e) and

115
39

Y (). Interestingly, even though the value of degrees for n-, p-, and h-layers, the single-node motifs are the same (i.e. k = 6). The effects on the change of

proton and neutron numbers of the nuclei are different for different layers. This indicates that there is a different topological structure for the n-, p- and h-layer
motifs. (d) is a typical r-layer motif for proton-rich nuclides, while (e) and (f) represent two major motifs for neutron-rich nuclides. In each plot, the red line
illustrating the in-coming or out-going arrow shows the links for the in-coming or out-going edge.

logical structures of the motifs.

For the complex r-layer network, the topological structure
of the single-node motif is determined by the reactions of the
(y,n), (y,p), (v,@), B* decay, B~ decay and so on. For the
neutron-rich nuclides, typical motifs are shown in Figure 6(e)
and (f). For nuclides with Z > 84 (i.e. Po), their motif struc-
ture will transfer the type (f) for lighter nuclides to the type
(e) for heavier nuclides. If the proton numbers increase, the
motif structure within this region will reduce to a type of mo-
tif structure with both in-coming and out-going degrees that
are equal to 3. For nuclei located at (N, Z), in-coming edges
come from the nuclides located at (N+1,Z), (N+2,Z—-1) and
(N +1,Z—-1), and out-going edges go to the nuclides located
at(N-1,2),(N-2,Z+1) and (N-1,Z+1), respectively. For
the proton-rich nuclides, a typical motif structure is shown in
Figure 6(d). This is essentially a mirror about Z = N of the
motif structure, within the neutron-rich region. This may re-
flect the reflect the observed symmetrical features found be-
tween neutrons and protons. There is additional important
information regarding stable nuclides within the r-layer mo-
tifs. This information can be deduced by comparing the un-
stable nuclides to the stable nuclides, such as determining the
edge difference with a reverse direction. If we take Pb as
an example of this comparison, we can see that the direction
of the edge, between stable nucleus >*’Pb and its neighbor

(N + 1,Z - 1), is opposite to that of the edge between unsta-
ble nucleus 2*Pb and its neighbor (N + 1,Z — 1). This noted
difference between the stable and unstable nuclides, may ex-
plain why the condition of the stable nuclides is the difference
of degree in r-layer is two, i.e., Kl[ﬂl - Kl[,:)]ut = 2. This possible
explanation was first proposed in our previous work [44] .

All of the above typical motifs, can be continuously re-
peated or overlapped within the specific r-layer region; or in
almost whole n-, p- and h-layers. However, only some nodes
within the r-layer were observed to have long-range edges.
Of importance, we noted that all topological structures re-
vealing motifs, from each layer, in the multi-layer nuclear re-
action network, fade away when the proton number becomes
greater than the magic number of Z = 82, or when the pro-
ton number is equal to its neighboring value. This may in-
dicate that the topological structure of the nuclide found in
this region become simpler or tend to disappear altogether.
This appears to be a global feature for the entire nuclear
landscape.

5 Summary

In summary, we constructed a directed, un-weighted, multi-
layer nuclear reaction network. This complex network con-
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struction consisted of all nuclides and reactions within the
JINA REACLIB database. This allowed us to investigate im-
portant topological features and motif structures of the nu-
clear reactions. Importantly, there are four types of edges,
namely neutron, proton, “He and remaining particles; there-
fore, we present nuclear reaction networks consisting of four-
layers, which correspond to the n-, p-, h- and r-layers. Using
the data from the topological structures of the nuclear reac-
tion networks, we were able to determine that the nuclear re-
action networks within the n-, p- and h-layers, experience
a regular structure. Therefore, these networks can be cate-
gorized as those having repetitive superposition motifs that
have spatial features. The r-layer network has multiple mo-
tifs, but is still categorized as the same for the networks with-
out multiple motifs. All motif structures, regardless of the
layer in which they are found, fade away or change shape
as the number of protons reaches at or near 82. By compar-
ing the motif structures of typical stable nuclides to those of
neighboring, unstable nuclides, in the r-layer, we find that
the majority of cases only differ is the direction of a certain
edge reverse turn, i.e. from the in-coming to the out-going or
vice versa. This may also explain why the degree difference,
between the in-coming and the out-going, of stable nuclides
in the r-layer is two [44]. Moreover, it was determined that
the degree-to-degree correlations are strong for the np-, nh-,
and ph-layers, which typically display near linear behaviors,
with the exception of some light scatterings. The degree cor-
relation coefficients, Ry, for the above mention results, ap-
proach one. However, the degree-to-degree correlations of
the r-layer, with n-, p-, and h-layers, are weakly correlated
and the degree correlation coefficients were found to be ap-
proximately 0.6; this is consistent with different motif struc-
tures found within the n-, p-, h-layers from the r-layer. This
study presents a unique understanding of thermonuclear re-
actions in astro-nuclear processes. Further studies, that focus
on the r- and other nuclear reaction processes, involving all
the nuclides, may be beneficial.
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