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ABSTRACT

Coinfection mechanism is a common interacting mode between multiple diseases in real spreading processes, where the diseases mutually
increase their susceptibility, and has aroused widespread studies in network science. We use the bond percolation theory to characterize the
coinfection model under two self-awareness control strategies, including immunization strategy and quarantine strategy, and to study the
impacts of the synergy e�ect and control strategies on cooperative epidemics. We �nd that strengthening the synergy e�ect can reduce the epi-
demic threshold and enhance the outbreak size of coinfected networks. On Erdős–Rényi networks, the synergy e�ect will induce a crossover
phenomenon of phase transition, i.e., make the type of phase transition from being continuous to discontinuous. Self-awareness control strate-
gies play a non-negligible role in suppressing cooperative epidemics. In particular, increasing immunization or the quarantine rate can enhance
the epidemic threshold and reduce the outbreak size of cooperative epidemics, and lead to a crossover phenomenon of transition from being
discontinuous to continuous. The impact of quarantine strategy on cooperative epidemics is more signi�cant than the immunization strategy,
which is veri�ed on scale-free networks.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5063960

Multiple epidemics spreading interactively is a common phe-

nomenon in the real world and has attracted more and more atten-

tion. A common interacting mode between two pathogens is called

coinfection, where the pathogens mutually increase their suscep-

tibility, e.g., the coinfection of the Spanish �u and pneumonia in

1918 and the coinfection of the tuberculosis pathogen and human

immunode�ciency virus. The coinfection may induce a discontin-

uous phase transition of epidemic spreading on some networks,

where the number of infected nodes jumps from zero to a large

value suddenly. This sudden jumpcannot give us any signofwarning

such as �uctuations, which will bring more panic and injury to the

human society. How to suppress e�ectively the discontinuous phase

transition and the spread of diseases is an important issue in the

cooperative epidemics. Considering that a node infected by the �rst

disease has a high risk of infection by the second disease, we pro-

pose a self-awareness control strategy in the cooperative epidemics.

In this strategy, a node infected with one disease will be immu-

nized or quarantined based on self-awareness of infection risk. We

develop a percolation-based framework to theoretically analyze how

these control strategies a�ect the cooperative spreading epidemics.

In terms of controlling diseases, both strategies can remarkably sup-

press the cooperative epidemics and transform the type of phase

transition from being discontinuous to continuous. Compared with

the immunization strategy, the suppressing e�ects of quarantine

strategy on cooperative epidemics are more signi�cant. The coop-

erative spread of disease can be mapped to news and rumors, thus

the results of this paper provide a theoretical guarantee for how to

control the pervasion of epidemics and rumors.
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I. INTRODUCTION

Throughout human history, infectious diseases have always
been threatening human health. Once a disease becomes epidemic, it
will cause enormous economic loss. For the prediction and preven-
tion of epidemic spreading, scientists from di�erent disciplines are
studying on the mathematical modeling of infectious diseases.1,2 As
real disease spreading is not always in isolation, multiple epidemics
spreading interactively have attracted more and more attention.3–8 A
common interacting mode between two pathogens is called coinfec-
tion, where the pathogensmutually increase their susceptibility.9,10As
early as 1918, cooperative epidemics was discovered from the coin-
fection of the Spanish �u and pneumonia.11 Such phenomenon was
further found in the coinfection of the tuberculosis (TB) pathogen
and human immunode�ciency virus (HIV).12–14 In particular, the
HIV promotes the possibility of TB from incubation to activation,
and an active TB case has a much higher incidence of HIV.

Cooperative epidemics is one of the research hotspots in spread-
ing dynamics on complex networks in recent years.9,10,15–23 Newman
and Ferrario presumed an asymmetric cooperation rule between
two diseases,9 where the propagation of the �rst disease is indepen-
dent of the second, but the second disease can only spread among
the nodes infected by the �rst disease.15 Then, a symmetric coin-
fection rule was proposed to describe real cooperative mechanism
in multiple epidemics.10,16–20 Chen et al. studied the cooperative
coinfection of SIR (susceptible–infected–removed) spreading of two
diseases and found that a strong cooperation of coinfection mecha-
nismmay induce a discontinuous phase transition.10,16,17Whether the
coinfection of multiple diseases is a discontinuous phase transition
depends on the underlying network structure. This is a major reason
why a continuous phase transition occurs on two-dimensional lat-
tices and scale-free networks, while a discontinuous phase transition
occurs on four-dimensional lattices and homogeneous networks.16,17

In Refs. 18 and 19, the SIS model under the symmetric rule was stud-
ied. Hébert-Dufresne et al. related the coinfection model with the
aggregation of networks and found that the aggregation of networks,
as a means of suppressing the spread of a single disease, can promote
the spread of disease and results in a discontinuous phase transition.18

Chen et al. revealed that the coinfection induces a hysteresis phe-
nomenon for the SIS cooperative epidemics spreading on stochastic
networks.19 This coinfection mechanism was also introduced into
multiplex overlapped networks, and the interlayer synergistic e�ect
leads to a crossover phenomenon of phase transition from being
continuous to being discontinuous.20

As mentioned above, coinfection may induce a discontinuous
phase transition of epidemic spreading on some networks, where the
number of infected nodes jumps from zero to a large value suddenly.
This sudden jump cannot give us any sign of warning such as �uctu-
ations, which will bring more panic and injury to the human society.
Therefore, how to suppress e�ectively the discontinuous phase tran-
sition is an important issue in the cooperative epidemics.24,25 In the
dynamics of epidemic, it is very signi�cant to control the spread of
disease, and many di�erent strategies have been proposed.26–28 To
this end, we need to know the underlying contact network struc-
ture and its infection status in time and identify which nodes should
be controlled.29 However, it is very di�cult to timely obtain these
information in real epidemic spreading processes.30,31 Considering

that a node infected by the �rst disease has a high risk of infection
by the second disease, we propose a self-awareness control strat-
egy in the cooperative epidemics. In this strategy, a node infected
with one disease will be immunized or quarantined based on self-
awareness of infection risk, and thus he/she may not be infected
by the other disease. We investigate the e�ects of these two control
strategies on key dynamical characteristics in the spreading processes
of coinfectious diseases, such as epidemic threshold and phase tran-
sition. We develop a percolation-based framework to theoretically
analyze how these control strategies a�ect the cooperative spreading
epidemics.

In Sec. II, we describe the coinfection model on complex net-
works and the two control strategies. In Sec. III, we present the bond
percolation theory to analyze the e�ects of two control strategies. In
Sec. IV, we present results from extensive numerical computations
to validate our theory. Conclusions and discussions are presented in
Sec. V.

II. COINFECTION DISEASE MODEL AND

SELF-AWARENESS CONTROL STRATEGIES

In the coinfection disease model, there are two coinfectious dis-
eases a and b. Such two diseases, based on the SIR model, spread
on an uncorrelated con�guration network (UCM) with size N and
degree distribution P(k).32 To simplify the theoretical framework,
we ignore the degree–degree correlation of the network. At any
time, each node can exist in one of the three states: susceptible(S),
infected(I), and recovered(R). In the susceptible state, a node is sus-
ceptible and has not been infected. In the infected state, a node is
infected and can transmit the same disease to his/her neighbors. The
recovered state indicates that a node has recovered from the disease
and will not be infected again. As the infectious disease may cause
an organic injury or a degraded immune system, the infected node
with the �rst disease will be infected more easily by the second dis-
ease. Therefore, there are the following disease-transmission rules.
We use S to represent the node that is not infected by any disease (a or
b). He/she is infected by its infectious neighbor with disease a(b) by
transition rate λa(λb). Once a node has been infected by one disease
(regardless of whether it is in the infected state or the recovered state),
the transmission rate of the second disease becomes α (α ≥ 1) times
of the original rate. α represents the synergy e�ect of coinfection. For
example, if a node was infected with disease a and is in a recovered
state of disease a, a neighboring node with disease b will infect this
node with the transmission rate αλb.

Figure 1 shows an example of a transmission process of coinfec-
tious diseases. Initially, two randomly chosen nodes are seeds with
disease a or b, respectively. If a node is infected with the disease a(b),
it will be in the state “a” (“b”). Under rate γ , this node becomes
recovered “A” (“B”) for the disease a(b). Note that this recovered
state is only for the disease it was infected. Here, we set the recov-
ery rate as γ = 1 for simplicity. As shown in Fig. 1, “Ab” indicates
that the node that has recovered from disease a and is currently
infected with the disease b; “aB” indicates that the node that has
recovered from disease b and is currently infected with the disease
a; “ab” represents that the node is in the infected state with both dis-
eases of a and b; “AB” indicates that the node has recovered fromboth
diseases.
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FIG. 1. Illustration of cooperative spreading processes on a network. The states
of nodes are marked with letters. “S” indicates that a node is susceptible and has
not been infected. “a” and “b” mean that a node is only infected with disease a or b.
“A” and “B” represent a node that had been infected with the disease a or b and has
recovered, but it is susceptible to another disease and there will be a synergistic
effect. “Ab” indicates that the node has recovered from disease a, and is currently
infected with the disease b; “aB” indicates that the node that has recovered from
disease b, and is currently infected with the disease a; “ab” represents that the
node is in the infected state with both diseases of a and b; “AB” indicates that
the node has been recovered from both diseases. Black edges indicate network
edges, thin purple edges indicate a normal transmission process with probability
λa or λb, and coarse purple edges indicate that there is a coinfection with the
synergy factor.

Two self-awareness control strategies, i.e., the immunization
strategy and the quarantine strategy, are then introduced for sup-
pressing the cooperative epidemics. In these strategies, a node
infectedwith one disease will be immunized or quarantined based on
self-awareness of infection risk, and thus he/she cannot be infected
by the other disease. The di�erence is that the immunized node can
transmit the disease it is infected, but the quarantined node can-
not transmit the disease it is infected, as it cannot contact with any
neighboring node.

III. THEORY

In this section, we use bond percolation theory to formalize a
theoretical framework for analyzing the cooperative epidemics under
the self-awareness control strategies. Based on the general theoreti-
cal framework, we deduce the epidemic thresholds of coinfectious
diseases and unveil the e�ects of key factors such as the synergistic
e�ect, self-awareness control strategies, and network structure on the
epidemic threshold and the outbreak size. Further, we show a speci�c
case of the general theoretical framework for the Erdős–Rényi (ER)
networks.33

A. General theoretical framework

We begin with the case of cooperative epidemics without the
control strategy. The SIR spreading can be mapped to the bond per-
colation process.34 Since two diseases cooperatively spread on a single
network in the coinfection disease model, the underlying network
can be regarded as a double-layer coupled networkwith layersA0 and
B0 whose structures are exactly the same and completely overlapping.
The multiplex networks here refer to the networks with one-to-one
coupling of nodes in two layers.35 That is, a node vA0 in the network
A0 only is matched with a node vB0 in the network B0, and node vB0 is
only matched with the node vA0 . One disease a(b) can only spread on
one network layerA0(B0). The interlayer edge re�ects the relationship
between the node vA0 and vB0 and will cause the synergy e�ects.

We consider an uncorrelated con�guration network model of
size N. As N → ∞, the network has a tree structure with no loop
and no degree correlation. In order to get the number of the nodes
that is infected with two diseases, in other words, to get the size of the
mutual connected giant cluster in the multiplex networks, we devel-
oped the bond percolation theory. De�ne xa as the probability that
one end node vA0 of a randomly chosen link connects to the giant
component of layer A0. We take disease a as an example to compute
this probability. The self-consistent equation for xa can be written as

xa =
∑

k1

∑

k2

k1P(k1, k2)

〈k1〉

{

p[1 − (1 − αλaxa)
k1−1]

× [1 − (1 − λbxb)
k2 ] + (1 − p)[1 − (1 − λaxa)

k1−1]

× [1 − (1 − αλbxb)
k2 ]

+ [1 − (1 − λaxa)
k1−1](1 − λbxb)

k2

}

, (1)

where P(k1, k2) is the joint probability that node vA0 in A0 and its
counterpart vB0 inB0 have degree of k1 and k2, respectively. According
to the coinfection mechanism, if a node is in the giant component of
layerA0, it would be inAB state orA state ultimately. If the node vA0 is
infected with two diseases (i.e., in theAB state), there will be two pos-
sible infection pathways. The �rst right-hand term of Eq. (1) repre-
sents the �rst pathway. Speci�cally, its counterpart vB0 is �rst infected
by disease bwith probability 1 − (1 − λbxb)

k2 , and then the node vA0
is infected by disease a with probability 1 − (1 − αλaxa)

k1−1, where
α represents the synergistic e�ect of coinfection and k1 − 1 indicates
the neighboring number of node vA0 except the �rst chosen one. The
secondpathway is described by the second right-hand termof Eq. (1).
In this case, node vA0 is �rst infected by disease a with probability
1 − (1 − λaxa)

k1−1, and then the synergistic e�ect a�ects the infec-
tion of disease b on layer B0 with probability 1 − (1 − αλbxb)

k2 . If
node vA0 was only infected with disease a (i.e., A state), and its coun-
terpart vB0 does not be infected by the disease b on layer B0, it is
represented as the third right-hand term of Eq. (1). Since the bond
percolation corresponds to the long-term behavior of the SIR model,
it cannot describe the time evolution of SIR spreading and the infec-
tion order of two diseases. Here, we denote p as the probability that a
node is infected by the disease b �rstly and then by the disease a in a
statistical sense. The value of p relates to factors such as the network
structure and the disease transmission rate.
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Since layersA0 and B0 are exactly the same and completely over-
lapping, there are perfect interlayer degree correlations between two
layers. We can get P(k1, k2) = P(k) if k1 = k2 = k; else P(k1, k2) = 0.
So Eq. (1) is transformed into

xa =
∑

k

kP(k)

〈k〉

{

p[1 − (1 − αλaxa)
k−1][1 − (1 − λbxb)

k]

+ (1 − p)[1 − (1 − λaxa)
k−1][1 − (1 − αλbxb)

k]

+ [1 − (1 − λaxa)
k−1](1 − λbxb)

k

}

, (2)

where kP(k)/〈k〉 is the probability that a randomly chosen edge
connects to a node with degree k.

Next, we consider the e�ects of self-awareness control strate-
gies. In the immunization strategy, the immunized node can transmit
the disease it is infected but will not be infected by or transmits the
other disease. In the quarantine strategy, the quarantined node will
not transmit the disease it is infected nor be infected by the other dis-
ease. Denoting the control rate as q, the self-consistent equation for
xa can be written as

xa =
∑

k

kP(k)

〈k〉

{

{

p[1 − (1 − αλaxa)
k−1][1 − (1 − λbxb)

k]

+ (1 − p)[1 − (1 − λaxa)
k−1][1 − (1 − αλbxb)

k]
}

(1 − q)C

+ [1 − (1 − λaxa)
k−1](1 − λbxb)

k(1 − q)C−1

}

. (3)

In Eq. (3), q = 0 corresponds to the original case of coinfection
where there is no control strategy. When q 6= 0 and C = 1, the e�ect
of immunization strategy is captured. If the node vA0 was infected
with two diseases (i.e., AB state), it should be unimmunized for the
�rst-infected disease with probability (1 − q), corresponding to the
�rst two items of Eq. (3). If the node vA0 is only infected with the dis-
ease a, it makes no di�erence with the case when no self-awareness
control strategy is used, as indicated in the last term of Eq. (3). When
q 6= 0 and C = 2, it is the case of quarantine strategy. In this strat-
egy, a node infected with disease a will lose the chance to transmit
disease a and cannot be infected by the disease b thus it is unimmu-
nized for both disease with probability (1 − q)2, corresponding to the
�rst two items of Eq. (3). Since a node vA0 infected with the disease a
is removed because of self-awareness quarantine, the node is unim-
munized for disease a with probability 1 − q, corresponding to the
last term of Eq. (3).

Analogously, we can get the self-consistent equation for xb.
Using the generating function and merging xa and xb, we can trans-
form the expressions of xi(i = a, b) into

xi = (1 − q)C
{

p
{

1 − G1(1 − αλaxa) + (1 − λbxb)

× [G1((1 − αλaxa)(1 − λbxb)) − G1(1 − λbxb)]
}

+ (1 − p)
{

1 − G1(1 − λaxa) + (1 − αλbxb)

× [G1((1 − λaxa)(1 − αλbxb)) − G1(1 − αλbxb)]
}

}

+ [G1(1 − λjxj) − G1((1 − λixi)(1 − λjxj))]

× (1 − λjxj)(1 − q)C−1. (4)

In Eq. (4), when xi is xa, xj is xb and vice versa, λi is the propaga-

tion rate of disease i.G1(x) ≡
∑

k
kP(k)
〈k〉

xk−1 is the generating function

for the excess degree distribution. Once the probabilities xa and xb are
obtained, we can get the concurrent outbreak size of two diseases Pab,
thus the size of the giant coinfected cluster, by calculating

Pab =
∑

k

P(k)

{

p[1 − (1 − αλaxa)
k][1 − (1 − λbxb)

k]

+ (1 − p)[1 − (1 − λaxa)
k][1 − (1 − αλbxb)

k]

}

(1 − q)C.

(5)

Using the generating function, we can transform Eq. (5) into

Pab =

{

p[1 − G0(1 − αλaxa) − G0(1 − λbxb)

+ G0((1 − αλaxa)(1 − λbxb))]

+ (1 − p)[1 − G0(1 − λaxa) − G0(1 − αλbxb)

+ G0((1 − λaxa)(1 − αλbxb))]

}

(1 − q)C, (6)

inwhichG0(x) ≡
∑

k P(k)xk is the generating function for the degree
distribution. For a given network of arbitrary degree distribution and
control strategy, the �nal concurrent outbreak size of the two diseases
can be obtained from Eqs. (4) and (6).

The epidemic threshold is another important parameter in
spreading dynamics. Taking disease a for example, in the bond per-
colation theory, Eq. (4) has a trivial solution of xa = 0. When there
is a nontrivial stable solution, the disease is in an outbreak state. The
epidemic threshold is obtained by solving the nontrivial solution of
Eq. (4). For network of arbitrary degree distribution, to determine λI

c,
the discontinuous transition threshold of disease a, we �rst rewrite
Eq. (4) to be

xa = fa(λa, xa, xb). (7)

Similarly, we can write the equation

xb = fb(λa, xa, xb), (8)

where fi(λa, xa, xb) is the right-hand side of Eq. (4). At the critical
point λI

c, the condition

∂fa(λ
I
c, xa, xb)

∂xb

∂fb(λ
I
c, xa, xb)

∂xa
= 1 (9)

is ful�lled.
For the continuous phase transition of disease a, xa = 0 at the

critical point λII
c . This means when λa → λII

c , we have xa → 0. Note
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that it does not imply xb → 0. Actually, when xa → 0, we have

xb = (1 − q)c−1 · [G1(1) − G1(1 − λbxb)]. (10)

Usually for themore general cases, we could numerically get the solu-
tion of xb by iterative calculations starting from a value close to 1.
Submitting xb to Eq. (7) and when xa → 0, we have

1 =
∂fa(λ

II
c , xa, xb)

∂xa

∣

∣

∣

xa=0
. (11)

We can solve Eq. (11) to get the λII
c . Similarly, for disease b, we can use

the same method to get the continuous threshold and discontinuous
threshold.

B. The analysis of phase transition without control

strategies

To describe how to calculate the epidemic threshold in detail,
we �rst apply the general theoretical framework to analyze phase
transition without control strategies when q = 0.We assume that the
network is an ER random graph, then G0(x) = G1(x) = e−<k>(1−x).
Assuming that both diseases have the same transmission rate, that is,
λa = λb = λ, we have xa = xb = x, p = 1/2. Equation (4) can thus
be rewritten as

x = p[1 − e−α〈k〉λx + (1 − λx)(e〈k〉λx(αλx−1−α) − e−〈k〉λx)]

+ (1 − p)[1 − e−〈k〉λx + (1 − αλx)(e〈k〉λx(αλx−1−α) − e−〈k〉αλx)]

+ (1 − λx)(e−〈k〉λx − e〈k〉λx(λx−2)). (12)

The critical point can be obtained from Eqs. (9) and (11). For
ER networks, Eq. (12) has a trivial solution x = 0. When α = 1, at
the critical point, the function F(x, λ,α) = f (x) − x is tangent to the

horizontal axis at x = 0, that is, f
′
(x) = 1 at x = 0. We can get the

continuous critical transmission rate as

λII
c =

1

〈k〉
, (13)

which has the same form as the epidemic threshold of the SIRmodel.
When α > 1, F(x, λ,α) is a�ected by the synergy factor α and

may not be tangent to the horizontal axis at x = 0. It is thus rea-
sonable to focus on how synergy factor a�ects the dependence of
the �nal infected cluster size of two diseases Pab on the transmis-
sion rate λ, which can be obtained from the solutions of Eq. (12). We
are particularly interested in �nding out whether the dependence is
continuous or discontinuous. Note that Eq. (12) always has a trivial
solution x = 0. As shown in Figs. 2(a) and 2(b), numerical results
indicate that the number of roots can be 1, 2, or 3. When we �x all
the parameters except λ, if Eq. (12) has one root or two roots for dif-
ferent values of λ (see Fig. 2), Pab will increase continuously with λ.
For the case of one root x = 0, two diseases cannot spread out. If the
number of roots of Eq. (12) is 2 or 3, as shown in Fig. 2(b), saddle-
node bifurcation occurs. The saddle-node bifurcation occurs because
there is only one stable solution of x = 0 before tangent bifurcation,
andwith the increase ofλ two stable solutions of x = 0 and x 6= 0 (the
larger solution) will appear after tangent. The bifurcation of Eq. (12)
reveals that the system undergoes a cusp catastrophe: Varying λ, the
physically meaningful stable solution of x will suddenly jump to a

FIG. 2. Diagram of Eq. (12). For ER random networks, (a) when α = 1, Pab

increases continuously with λ. Equation (12) has one root or two roots for dif-
ferent values of λ. (b) When α = 3, Pab increases discontinuously with λ. The
number of roots of Eq. (12) depends on λ. In order to show the number of roots
clearly, the subfigures are the front part of the large images. Mean degree 〈k〉 is
set to be 10.

large value. In this case, a discontinuous growth pattern of Pab with λ

emerges, and the critical transmission rate λI
c at which the disconti-

nuity occurs can be obtained by solving Eqs. (4) and (9). We propose
an example of α = 3 to explain the phenomenon that Pab increases
discontinuously with λ. As shown in Fig. 2(b), the function F(x, λ,α)

is tangent to the horizontal axis at λI
c ≈ 0.084. When λ < λI

c, Eq. (4)
has one �xed point of x = 0, indicating that the two diseases cannot
encounter with each other. When λ = λI

c, a new solution is given by
the tangent point.When λ > λI

c, if Eq. (4) has two �xed points except
x = 0, then the solution will be given by the largest one (since only
this root is stable). In this case, the stable solution of Eq. (12) changes
from a relatively small value near λ = λI

c to a large value abruptly,
leading to a discontinuous change in Pab .

When α = 3, the critical transmission rate λI
c is smaller than λII

c

which corresponds to α = 1. That is, the critical transmission rate
can be reduced by increasing the synergy factor. This is because when
α is small, such as α = 1, there is little synergy e�ects. In order to
get a certain proportion of nodes infected with two diseases, the two
diseases need a large number of nodes infected the disease a or b,
respectively, thus the λc is large.When α is large, such as α = 3, there
is a synergistic e�ect. The transmission of the two diseases enhance
each other mutually, and a certain proportion of nodes infected with
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FIG. 3. The co-infected outbreak size of ER random networks. (a) In the final
state, the proportion of nodes that ultimately are infected by both diseases Pab

varies with the transmission rate λ for the synergy factor α = 1 (red circles),
α = 2 (blue squares ), and α = 3 (purple diamonds). (b) Variability changes with
transmission rate λ for synergy factor α = 1 (red solid line), α = 2 (blue dotted
dashed line), α = 3 (purple dotted line). The lines in (a) is obtained by solving
Eqs. (4) and (6).

two diseases can be produced when they are in contact with each
other. The two diseases need a small range of infections, respectively,
thus the λc decreases.

To determine the critical parameter of αs, at which the depen-
dence of Pab on λ changes from being continuous to discontinuous,
we have the condition36

∂2fa(λ, xa, xb)

∂x2b
= 0,

∂2fb(λ, xa, xb)

∂x2a
= 0. (14)

For a �xed network structure, the critical values of the system param-
eters λc and αs can be determined.

C. The analysis of phase transition

under two self-awareness strategies

Then, we consider phase transition under two self-awareness
strategies. We analyze the case of q 6= 0, C = 1, representing the
e�ects of immunization strategy on ER networks. The critical con-
dition can be obtained from Eqs. (9) and (11). For the ER random
networks, Eq. (4) has a trivial solution of x = 0. When α = 1, we
can get the critical transmission rate λII

c = 1/〈k〉, which is the same
as that without the immunization strategy. This is because when
α = 1, there is no cooperation between the two diseases and the epi-
demics of two diseases are the same as the original SIR model. Since

FIG. 4. Pab changes in the parameter plane (λ, α). The illustration is obtained by
solving Eqs. (4) and (6). The red dashed line indicates the theoretical thresholds
and the white inverted triangles are the numerical thresholds obtained by the peak
of variability. The white solid line is the threshold of synergy factor αs ≈ 1.44,
obtained by solving Eq. (14). On the sides of the synergy threshold, there is a
continuous phase transition in the I region, while a discontinuous phase transition
in the II region.

the immunized node is immunized to the second disease, it cannot
spread it. Thus, the propagation threshold does not change under the
immunization strategy. However, when α > 1, F(x, λ,α) is a�ected
by the synergy factor α and may be not tangent to the horizontal
axis at x = 0. In this case, a saddle-node bifurcation occurs and the
propagation threshold changes.

To determine the critical synergy factor αs, the condition of
Eq. (14) must be established. When α < αs, there is no discontinu-
ous phase transition andwhen α ≥ αs, there is a discontinuous phase
transition at λ = λI

c. We can numerically solve Eqs. (4), (9), and (14)
to get αs under the immunization strategy. When �xing the synergy
factor α ≥ αs, we can get the other critical parameter

qs = 1 −
1 − λc(1 − λcx)[G1(1 − λcx) − G1((1 − λcx)(1 − λcx))]

λcM
(15)

by Eqs. (4), (9), and (14), where

M = αp[G′
1(1 − αλcx) − (1 − λcx)

2G′
1((1 − αλcx)(1 − λcx))]

+ (1−p)[G′
1(1−λcx)−(1−αλcx)

2G′
1((1 − λcx)(1 − αλcx))].

(16)

The qs is the critical immunization rate. When q < qs, it is a discon-
tinuous phase transition andwhen q ≥ qs, it is continuous. For a �xed
network structure, the critical values of the system parameters λc, αs,
and qscan be determined under the immunization strategy.
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FIG. 5. Diagram of Eq. (4) for C = 1 and C = 2. (a) The effects of immunization strategy on ER networks with C = 1. (i) When α = 1, q = 0.2, Pab increases continuously
with growing of λ. Equation (4) has one root or two roots for different values of λ and the parameter q has no effect on the epidemic threshold. (ii) When α = 3, q = 0.2, Pab

increases discontinuously with the growing of λ. The number of roots of Eq. (4) depends on λ and saddle-node bifurcation occurs. (iii) When α = 3, q = 0.5, Pab increases
continuously with the growing of λ. Equation (4) has one root or two roots for different values of λ again. (b) The effects of quarantine strategy on ER networks with C = 2. (i)
When α = 1, q = 0.2, Pab increases continuously with growing of λ. (ii) When α = 3, q = 0.2, Pab increases discontinuously with growing of λ. (iii) When α = 3, q = 0.5,
Pab increases continuously with growing of λ. The black line represents the horizontal axis. In order to show the number of root clearly, the subfigures are the front part of
the larger images.

Finally, we investigate the e�ects of quarantine strategy with
q 6= 0 and C = 2. Equation (4) has a trivial solution of x = 0 for the
ER random networks. When α = 1, we can get the critical transmis-
sion rate

λII
c =

1

(1 − q)〈k〉
. (17)

It indicates that when α = 1, the quarantine strategy can increase the
epidemic threshold.Whenα > 1, F(x, λ,α) is a�ected by the synergy
factor α and may be not tangent to the horizontal axis at x = 0.

We can also numerically solve Eqs. (4), (9), and (14) to get αs

under the quarantine strategy. When �xing synergy factor α ≥ αs,
we can get the critical parameter

qs = 1 −
1

λcM(1 − qs)

−
(1 − λcx)[G1(1 − λcx) − G1((1 − λcx)(1 − λcx))]

M
, (18)

whereM is de�ned in Eq. (16). For a �xed network structure, the crit-
ical values of the system parameters λc, αc, and qs can be determined
under the quarantine strategy.

IV. NUMERICAL VERIFICATION

We perform extensive simulations of cooperative epidemics on
ER networks33 and con�guration networks with power-law degree
distribution,37 where the network size and mean degree are N = 104

and 〈k〉 = 10, respectively. Simulations are performed on at least 100
networks and on each network, 2 × 103 independent dynamical real-
izations are performed to calculate the average values. We separately
discuss the e�ects of synergy mechanism and control strategy on
cooperative epidemics.

A. The effect of synergy mechanism

We �rst study how synergy mechanism in�uences the spread-
ing dynamics on the ER random networks without control strategy.
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FIG. 6. Cooperative epidemics on ER random networks under immunization strategy (a) and quarantine strategy (b). In both (a) and (b), (i) the proportion of nodes that
ultimately are infected with both diseases Pab varies with the transmission rate λ under the immunization rates q = 0.5 (red circles), q = 0.2 (blue squares), and q = 0
(purple diamonds). (ii) Variability as a function of transmission rate λ at immunization rates q = 0.5 (red solid line), q = 0.2 (blue dotted-dashed line), q = 0 (purple dotted
line). And the lines in (i) is obtained by solving Eqs. (4) and (6).

The parameters are set asq = 0, λa = λb = λ. We focus on the pro-
portion of nodes that are infected by two diseases Pab as a function
of the transmission rate λ for di�erent synergy factor α. As shown
in Fig. 3(a), with the increase of α, the epidemic threshold decreases
and the �nal coinfected size increases. The type of phase transition
transforms from being continuous to discontinuous. When there is
no synergy e�ect, i.e., synergy factor α = 1, Pab increases continu-
ously with the transmission rate λ, which is the same as the classical
SIR model. As α increases to α = 3, Pab increases discontinuously
with λ, since the synergy e�ect enhances the spread of the other dis-
ease. The theoretical value ofλc can be solved byEqs. (4), (9), and (11)
and simulated epidemic threshold can be identi�ed by the peak of
variability.38,39 The variability can be calculated as

1 =

√

〈P2
ab〉 − 〈Pab〉

2

〈Pab〉
. (19)

As shown in Fig. 3(b), there is a peak of variability at λI
c (α = 2, 3) and

λII
c (α = 1), where λII

c ≈ 0.101 for α = 1, λI
c ≈ 0.095 for α = 2, and

λI
c ≈ 0.091 for α = 3 obtained by simulation of epidemic dynamics.

We try to explain the above crossover phenomenon of phase
transition. Research studies on cooperative epidemics show that
before the two diseasesmeet, they spread in a certain range.16,17When
the two diseases meet, the node originally infected with one dis-
ease, no matter it is in I or R state for the disease, will be infected
by the other one. Thus, a certain range of coinfection nodes may

appear immediately. The infected ranges of a single disease are dif-
ferent on di�erent networks. On the two-dimensional lattice, two
kinds of diseases will meet each other quickly because of few paths
between nodes, and the number of coinfection nodes thus contin-
uously increases with the transmission rate. On the ER random
networks, there are many propagation paths among nodes. When
two diseases meet, if the synergy factor α is small, such as α = 1, the
encounter of the two diseases does not promote the coinfection of
nodes as the synergy does not work. Thus, the phase transition is still
continuous. If the synergy factorα is large, such asα = 3, the synergy
e�ect enhances the spread of the other disease, and a large number
of coinfection nodes suddenly appear resulting in a discontinuous
phase transition.

Next, we investigate the relations of the transmission rate λ,
the synergy factor α, and the proportion of coinfection nodes Pab,
as shown in Fig. 4. The illustration is obtained by solving Eqs. (4)
and (6). The red dashed line represents the theoretical thresholds
derived from Eqs. (4), (9), and (11) and the white inverted trian-
gles are the numerical thresholds, obtained by the peak of variability.
The white solid line is the critical synergy factor αs ≈ 1.44, obtained
by solving Eqs. (4), (9), and (14). On the sides of solid line, the I
region is a continuous phase transition and the II is a discontinu-
ous phase transition. It can be seen clearly that with the increase
of the synergy factor α, the threshold of cooperative epidemics is
reduced. That implies the synergistic e�ect makes the disease easier
to spread.
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FIG. 7. Pab varies with (q, λ). In immunization strategy (a) and quarantine strategy (b), the illustration is obtained by solving Eqs. (4) and (6). The red dashed line is the
theoretical thresholds and the white inverted triangle and white circle are the numerical thresholds obtained by the peak of variability. Note that the white inverted triangle are
discontinuous thresholds and the white circle are continuous thresholds. White solid line in figure (a) is the critical immunization rate qs ≈ 0.5, obtained by solving Eq. (15).
The white solid line in figure (b) is the critical quarantine rate qs ≈ 0.487, obtained by solving Eq. (18). On the sides of the qs, the I region is a discontinuous phase transition
and the II is a continuous phase transition.

B. The effect of control strategy

In this section, we study the e�ects of control strategies on
the cooperative epidemics on ER random networks. Similarly, we
set λa = λb = λ. We �rst theoretically analyze the in�uence of
the immunization/quarantine rate on the epidemic threshold. For
the immunization strategy, q 6= 0 and C = 1 in Eq. (4). When
α = 1, q = 0.2 as shown in Fig. 5(a)(i), Eq. (4) has one root or
two roots for di�erent values of λ. This means that Pab increases
continuously with λ. F(x, λ,α) is tangent to the horizontal axis at
λII
c ≈ 0.1, which is the same as α = 1, q = 0 in Fig. 2(a), indicating

that the immunization rate q does not a�ect the epidemic thresh-
old in this case. When α = 3, q = 0.2, as shown in Fig. 5(a)(ii), the
number of roots of Eq. (4) depends on λ and saddle-node bifur-
cation occurs. This means that Pab increases discontinuously with
λ. F(x, λ,α) is tangent to the horizontal axis at λI

c ≈ 0.092. The
immunization strategy increases the epidemic threshold compared
with the case of α = 3 and q = 0 as shown in Fig. 2(b), while
the type of phase transition remains discontinuous. When α = 3,
q = 0.5, as shown in Fig. 5(a)(iii), Eq. (4) has one root or two
roots for di�erent values of λ, and thus Pab increases continuously
with λ. F(x, λ,α) is tangent to the horizontal axis at λII

c ≈ 0.1. This
means that with the increase of the immunization rate, not only the
propagation threshold increases, but also the type of phase tran-
sition changes from being discontinuous to continuous. When the
immunization rate grows, the intersection of F(x, λ,α) and the hor-
izontal axis becomes smaller, implying that the epidemic spreading
is suppressed.

For quarantine strategy, q 6= 0 and C = 2 in Eq. (4). When
α = 1, q = 0.2 as shown in Fig. 5(b)(i), Eq. (4) has one root or
two roots for di�erent values of λ. F(x, λ,α) is tangent to the
horizontal axis at λII

c ≈ 0.125, which is di�erent from the case of
α = 1 and q = 0 as shown in Fig. 2(a), indicating that the quaran-
tine strategy enhances the epidemic threshold, but the type of phase
transition remains continuous.Whenα = 3,q = 0.2, as shown in Fig.
5(b)(ii), saddle-node bifurcation occurs, and F(x, λ,α) is tangent to
the horizontal axis at λI

c ≈ 0.115. The quarantine strategy increases
the epidemic threshold, while the type of phase transition is still dis-
continuous. When α = 3, q = 0.5, as shown in Fig. 5(iii), Eq. (4) has
one root or two roots for di�erent values of λ, and F(x, λ,α) is tan-
gent to the horizontal axis at λII

c ≈ 0.2. This implies that the epidemic
threshold increases with the quarantine rate, and the type of phase
transition changes from being discontinuous to continuous. Com-
paring Figs. 5(a) and 5(b), we can see that the quarantine strategy
has a better e�ect in suppressing the discontinuous phase transition
and reducing the outbreak size than the immunization strategy.

Next, we investigate the e�ects of di�erent control strategies on
the outbreak size of cooperative epidemics. Figure 6 shows the pro-
portion of nodes infected with both diseases Pab as a function of
transmission rate λ under di�erent control rates when α = 3. For
immunization strategy, as shown in Fig. 6(a)(i), with the increase
of immunization rate q, the epidemic threshold increases, the out-
break size decreases, and the type of phase transition transforms from
being discontinuous to continuous. When q = 0, Pab increases dis-
continuously with λ, which is the same case as Fig. 3. As q increases
to 0.5, Pab increases continuously with λ. In Fig. 6(a)(ii), the peak
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FIG. 8. The impacts of synergistic effect and control strategies on cooperative epidemics on scale-free networks. (a) Cooperative epidemics. (i) Pab varies with λ under the
synergy factors α = 1 (red circles), α = 2 (blue squares ), α = 3 (purple diamonds). (ii) Variability changes with λ at synergy factors α = 1 (red solid line), α = 2 (blue
dotted-dashed line), α = 3 (purple dotted line). The corresponding lines in (i) are obtained by solving Eqs. (4) and (6). (b) Immunization strategy and (c) quarantine strategy.
(i) Pab varies with λ under the rates q = 0 (purple diamonds), q = 0.2 (blue squares), and q = 0.5 (red circles). (ii) Variability changes with λ at the rates q = 0 (purple
diamonds), q = 0.2 (blue squares), and q = 0.5 (red circles). We set the structural parameters as γ = 2.7 and 〈k〉 = 10.

of variability corresponds to λI
c ≈ 0.091 for q = 0, λI

c ≈ 0.096 for
q = 0.2, and λII

c ≈ 0.099 for q = 0.5 obtained by simulation of epi-
demic dynamics. For quarantine strategy, as shown in Fig. 6(b)(i),
it plays a similar e�ect on cooperative epidemics with the immu-
nization strategy. From 6(b)(ii), we can see λI

c ≈ 0.091 for q = 0,
λI
c ≈ 0.118 for q = 0.2, and λII

c ≈ 0.199 for q = 0.5 obtained by
simulation of epidemic dynamics. The existence of control strat-
egy suppresses the discontinuous phase transition and the spread
of cooperative epidemics. Comparing Fig. 6(a) with Fig. 6(b), it
can be seen that the quarantine strategy is more e�ective than
the immunization strategy, which is consistent with the theoretical
results.

Figure 7 shows the relations of the transmission rate λ, the con-
trol rate and the ratio of coinfected nodes Pab. For immunization
strategy, in Fig. 7(a), the results are obtained by solving Eqs. (4)
and (6). It can be seen that with an increase of immunization rate
q, the epidemic threshold increases, implying that the immunization
strategy makes the disease more di�cult to spread. The white solid
line is the critical immunization rate qs = 0.5, obtained by solving
Eq. (15). In the I region in Fig. 7(a), Pab changes with λ discontinu-
ously at the critical point, since Eq. (4) has a saddle-node bifurcation
phenomenon when 0 ≤ q ≤ 0.5. In the II region, Pab changes with
λ continuously, and Eq. (4) has no bifurcation when 0.5 < q ≤ 1.
Compared with the immunization strategy, quarantine strategy has
a smaller critical control rate and a greater increase in epidemic
threshold [see Fig. 7(b)], and thus has a better control e�ect on the
cooperative epidemics.

We further construct scale-free networks based on the con�g-
uration model37 to study the cooperative epidemics and the e�ects
of control strategies. The degree distribution of scale-free net-
works follows P(k) ∼ k−γ , where the degree exponent, network size,
and average degree are γ = 2.7, N = 104, and 〈k〉 = 10. We set
λa = λb = λ and xa = xb = x, p = 1/2. The generating functions
for the degree distribution and the excess degree distribution are
G0(x) ≡

∑

k P(k)xk and G1(x) ≡
∑

k
kP(k)
〈k〉

xk−1, respectively. Due to

the structural characteristics of scale-free networks, the two diseases
quickly meet at the hub nodes and there is no discontinuous phase
transition.16 Fig. 8(a)(i) shows that although the synergy factor α

increases, the type of phase transition remains continuous. Mean-
while, the synergistic e�ect enhances the spread of the other dis-
ease when two diseases meet, thus reducing the epidemic threshold
and increasing the outbreak size of epidemics. Using the variability
measure, we get λII

c ≈ 0.045 for α = 1, λII
c ≈ 0.043 for α = 2, and

λII
c ≈ 0.039 for α = 3 obtained by simulation of epidemic dynam-

ics, as shown in Fig. 8(a)(ii). Since the two diseases meet each other
near the hubs, the increase of the synergy factor has little e�ect on the
epidemic threshold, while the threshold decreases with the synergy
factor.

When we �x the synergy factor α = 3, for immunization strat-
egy, it can be seen from Fig. 8(b)(i) that increasing the immunization
rate can enhance epidemic threshold and reduce the outbreak size
of cooperative epidemics. It can be seen that λII

c ≈ 0.039 for q = 0,
λII
c ≈ 0.042 for q = 0.2, λII

c ≈ 0.044 for q = 0.5 in Fig. 8(b)(ii) and
λII
c ≈ 0.039 for q = 0, λII

c ≈ 0.051 for q = 0.2, λII
c ≈ 0.09 for q = 0.5

in Fig. 8(c)(ii); obtained by simulation of epidemic dynamics. Com-
pared with the immunization strategy, Fig. 8(c)(i) and (ii) shows that
the e�ects of quarantine strategy in increasing the epidemic threshold
and reducing the outbreak size is more signi�cant, indicating that the
quarantine strategy is more e�ective than the immunization strategy
in suppressing epidemic spreading.

V. CONCLUSION

In this article, we focus on the cooperative epidemics, where
the spread of one disease can enhance the spread of another disease.
We introduced two self-awareness control strategies, immunization
strategy and quarantine strategy, and studied their controlling e�ec-
tiveness on the coinfection processes with the synergistic e�ect. We
used the bond percolation theory to describe the SIR cooperative
spreading model under the control strategies and investigated the
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e�ects of the synergy factor and the control rate on the epidemic
threshold and the outbreak size. Through the bond percolation the-
ory and numerical simulations, we found that by increasing the
synergy factor α, the e�ect of synergy enhances the spread of another
disease when the two diseases meet, which enhances the epidemic
threshold and reduces the outbreak size. On the ER random net-
works, the type of phase transition transforms frombeing continuous
to discontinuous with the increase of synergy factor α. We got the
critical synergy factor by the bifurcation analysis. When α ≤ αc, Pab

increases continuously with λ, andwhen α > αc, the phase transition
is discontinuous.

In terms of controlling diseases, both strategies can suppress the
cooperative epidemics. For the immunization strategy, if there is no
synergy mechanism, it has no e�ect on the epidemic threshold. If
there is a synergy e�ect, the epidemic threshold will be increased and
the type of phase transition is transformed from being discontinuous
to continuous on ER random networks. For the quarantine strategy,
no matter whether there is a synergy e�ect, the epidemic threshold
can be increased. The quarantine strategy also transforms the type of
phase transition from being discontinuous to continuous. Compared
with the immunization strategy, the e�ects of quarantine strategy
on cooperative epidemics are more signi�cant, indicating that the
quarantine strategy is more e�ective than the immunization strategy
in suppressing epidemic dynamics. When �xing the synergy factor
α = 3, we get the critical control rate. For the immunization strategy,
the critical rate is qs ≈ 0.5 on the simulated ER networks. When 0 ≤

q ≤ 0.5, Pab changes with λ discontinuously and Pab changes with λ

continuously when 0.5 < q ≤ 1. For the quarantine strategy, the crit-
ical rate is qs = 0.487, which is a little less than that of immunization
strategy.

We use bond percolation to provide the theoretical framework
for the cooperative epidemics dynamics. The theoretical results and
simulation results can be well matched, provided a correct theoreti-
cal basis for the cooperative epidemics. For controlling the spread of
disease, we propose two self-awareness strategies, which has a very
important practical signi�cance. The cooperative spread of disease
can be mapped to news and rumors, thus the results of this paper
provides a theoretical guarantee for how to control the pervasion of
rumors.

This paper mainly describes the cooperative epidemics on a
single-layer network. However, multilayer networks have been one
of the hotspots of complex network research in recent years.40–47

Cooperative epidemics can be extended to multilayer networks
to study the e�ects of the synergy factor, control strategies,
and interlayer correlations on cooperative epidemics and phase.
Moreover, the human activities and messages may in�uence dis-
ease transmission,7,23,48,49 which can be mapped into cooperative
epidemics.
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