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Abstract

Modeling nonstationary graph signals—where node features exhibit time-varying spectral proper-
ties and the underlying network topology evolves dynamically—presents a fundamental challenge
in geometric deep learning. Standard approaches, constrained by fixed integer-order operators
and isotropic diffusion, often fail to capture transient spectral shifts and preserve high-frequency
structures in deep layers. To address this, we introduce a unified mathematical framework based
on learnable fractional operators that generalizes time—frequency analysis and graph signal pro-
cessing into a continuous parameter space. We propose GraphFrFT, a dual-path architecture that
employs: (1) a fractional Fourier transform (FrFT) with a trainable order to adaptively rotate the
time—frequency plane for capturing transient, chirp-like dynamics; and (2) graph fractional oper-
ators that induce tunable anomalous diffusion on dynamic graphs to mitigate over-smoothing. We
establish theoretical guarantees for the framework, including well-posedness and Holder-type sta-
bility under spectral perturbations. To validate the limits of this theoretical framework, we eval-
uate it on epileptic electroencephalography (EEG) seizure detection—a domain representing the
‘extreme case’ of dual nonstationarity due to its chaotic, fractal, and rapidly reconfiguring network
dynamics. On three public datasets (FMCE, HUP, and Helsinki), our model consistently outper-
forms strong baselines (e.g. Mamba, Conformer) by 2%—8% in accuracy and demonstrates excep-
tional robustness to noise, effectively supporting the framework’s ability to disentangle complex
spatiotemporal dynamics. While validated on EEG, the proposed learnable fractional operators are
task-agnostic and demonstrate potential for extension to other nonstationary systems such as traf-
fic flow and climate teleconnections.

1. Introduction

Nonstationary graph signals, in which both node features and graph topology evolve over time, remain
a central challenge in graph signal processing (GSP) and machine learning. This difficulty is particu-
larly acute in epileptic electroencephalography (EEG): epilepsy affects over 70 million people worldwide
[1], and accurate EEG-based diagnosis is clinically critical yet notoriously difficult [2]. EEG encodes
rich spatiotemporal dynamics [3] and seizure-related state transitions [4], but expert inspection of long,
multi-channel recordings is time-consuming and subjective. Reliable computer-aided diagnosis (CAD)
has therefore become a central goal in epilepsy research and clinical practice [5-7]. From a modeling
standpoint, seizure EEG exemplifies nonstationary graph signals: temporal statistics drift while func-
tional brain networks reorganize, and similar joint nonstationarities arise in stressed financial mar-

kets, disrupted traffic networks, and viral information spread. Standard deep models typically assume
approximately stationary features or static graphs, so their performance degrades when both assumptions
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break down. Recent deep learning advances have substantially improved EEG-based CAD on nonsta-
tionary data, yet important limitations remain. FreTS uses a frequency-domain MLP for a global view
and energy compaction to capture long-range dependencies in epileptic EEG [8], but its reliance on a
fixed Fourier basis restricts adaptation to transient, non-stationary components. Brain JEPA employs

a joint embedded prediction architecture with brain gradient localization for transferable representa-
tions across tasks [9], potentially overlooking fine-grained, evolving spatial dependencies within a single
seizure event. EEG-Conformer integrates convolution and self-attention with class activation mapping
for interpretable visualization [10], yet its computational complexity and sensitivity to noise pose chal-
lenges for long-sequence EEG analysis. EEG-Mamba and iTransformer leverage bidirectional state-space
models for efficient long-sequence processing and multi-task learning [11, 12], but their primary focus
on temporal modeling often comes at the expense of explicitly capturing dynamic functional connectiv-
ity patterns. Altogether, these observations highlight the need for models that jointly handle temporal
nonstationarity and evolving graph structure in a principled way.

To bridge this gap, we advocate a paradigm shift from rigid integer-order models and fixed time—
frequency bases to learnable fractional-order operators. Fractional calculus generalizes differentiation and
integration to non-integer orders, providing a powerful toolkit for systems with memory, non-locality,
and fractal characteristics. Classical time—frequency techniques struggle to accommodate the fractional-
order dynamics that characterize epileptic EEG: wavelet transforms depend on fixed mother wavelets,
and integer-order differential frames make insufficient use of phase information, which degrades instan-
taneous frequency estimation and causes time—frequency energy dispersion and pronounced aliasing
between distinct components [13—16]. Short-time Fourier transforms (STFT) use fixed-length windows,
inducing a rigid trade-off between time and frequency resolution and exhibiting sensitivity to noise and
nonstationary interference, which limits performance on abrupt, nonstationary signals such as EEG [17-
20]. Although adaptive time—frequency representations can optimize local temporal-spectral adaptation,
they still neglect the dynamic spatial couplings among brain regions during seizure propagation [21—
23]. In contrast, fractional-order operators, such as the fractional Fourier transform (FrFT), implement
a continuous rotation of the time—frequency plane via adjustable order parameters, enabling energy con-
centration on relevant structures and accurate capture of the long-range correlations and fractal charac-
teristics of epileptic EEG [24-26]. At the same time, classical Fourier analysis cannot fully capture time-
varying spectra [8], and graph Fourier transforms extend spectral analysis to static networks but not
to the temporal evolution of graph spectra [27]. Advances in fractional calculus and GSP suggest that
fractional-order operators are particularly well-suited for such dynamics: adaptive Fourier neural oper-
ator (AFNO) performs adaptive token mixing in the Fourier domain in vision [28], and graph FrFTs
(GFRFTs) extend these ideas to irregular graph domains [29], building on the broader theory of GSP
[30]. Concurrently, the broader emerging field of Fractional Deep Learning provides robust evidence for
the efficacy of trainable fractional orders; for instance, recent advancements in neural fractional differ-
ential equations (FDEs) integrate variable-order fractional derivatives into neural networks to dynam-
ically capture complex, memory-dependent dynamics [31, 32]. However, existing approaches typically
lack (i) learnable fractional parameters, (ii) stability guarantees under graph perturbations and noise,
and (iii) unified architectures that couple temporal nonstationarity with graph dynamics. In the graph
domain, fractional operators naturally address oversmoothing in deep graph neural networks (GNN),
where repeated message passing with integer-order Laplacians drives node representations toward indis-
criminate convergence. Fractional graph Laplacians induce anomalous diffusion that significantly slows
spectral convergence and preserves local high-frequency details [33], while fractional-order dynamics
have been analytically shown to exhibit slower algebraic convergence than their integer-order counter-
parts, thereby retaining richer discriminative information across layers [34]. These properties are espe-
cially valuable for epileptic EEG, where oversmoothing would otherwise blur critical hypersynchroniza-
tion patterns across brain regions.

Among nonstationary graph signals, epileptic EEG provides an ideal ‘worst-case’ benchmark for test-
ing fractional-operator-based models. Epileptic seizures originate from an imbalance in the neuronal
microenvironment, giving rise to EEG with pronounced fractional-order dynamic characteristics, high
fractal dimension, and long-term temporal dependence—core signatures that distinguish epileptic sig-
nals from healthy EEG. Seizure events feature abrupt, chirp-like frequency drifts and rapid reorganiza-
tion of functional brain networks, precisely capturing the dual nonstationarity where node features and
graph topology evolve jointly. If a model built on generalized fractional operators can robustly disen-
tangle such chaotic seizure dynamics and support reliable CAD, it offers a strong proof-of-concept for
a broader class of nonstationary graph signals, including those arising in stressed financial markets, dis-
rupted traffic networks, and contagion-like information spread.
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Motivated by these observations, we introduce EEG-GraphFrFT, a unified dual-path framework
grounded in fractional signal processing that directly addresses dual nonstationarity in seizure EEG. The
temporal path implements a generalized fractional neural operator (GFNO) with a trainable order 6,
which learns to rotate the time—frequency basis so as to optimally concentrate energy on transient
seizure patterns and fractal components, thereby overcoming the rigidity of fixed Fourier bases used
in conventional spectral methods and models such as FreTS [8]. The graph path constructs dynamic
functional brain networks from multichannel EEG—e.g. via weighted phase lag index (wPLI) and spec-
tral Granger causality (GC)—and applies graph fractional operators L* as adaptive spectral filters on
the evolving topology. By tuning the fractional order, these operators interpolate between sub- and
super-diffusive regimes, providing a data-driven balance between global integration and the preserva-
tion of local hypersynchronization patterns that carry diagnostic value. In combination, the two paths
form a collaborative ‘fractional time series—dynamic space’ representation that jointly models frac-
tional temporal dynamics and dynamic spatial connectivity, achieving a level of coupled temporal-graph
adaptivity that traditional time—frequency methods and standard GNNs cannot match. Unlike prior
fractional-transform and graph-fractional approaches [28-30], EEG-GraphFrFT endows the fractional
orders in both temporal and graph domains with learnable parameters. Furthermore, while recent break-
throughs in differentiable graph learning—such as iterative deep graph learning (IDGL) and neural rela-
tional inference (NRI)—have made significant strides in learning graph topologies directly from data
rather than relying on predefined heuristics [35-38], we explicitly position our approach as a hybrid
framework. It leverages domain-knowledge-based deterministic metrics as structural priors to bal-
ance physiological interpretability and computational efficiency. Crucially, to process directed Granger-
predictive influence (e.g. GC) without losing unidirectionality, we utilize a Hermitianization technique.
This approach relates closely to the established framework of Magnetic Laplacians, which natively pre-
serves asymmetric edge directionality in the complex domain for directed GNNs [39, 40]. These hybrid,
direction-aware spatial priors are then adaptively filtered through our learnable fractional operators.

We further provide rigorous theoretical analysis of the proposed graph fractional operators, proving
the well-posedness of the resulting filters and establishing Holder-type stability under structural pertur-
bations of the underlying graph—an essential property for processing noisy, artifact-contaminated EEG
recordings. Extensive experiments on three large-scale benchmarks (FMCE, HUP, and Helsinki-neonatal)
show that EEG-GraphFrFT significantly outperforms state-of-the-art baselines, including recent Mamba-
and Transformer-based models such as EEG-Mamba and iTransformer [11, 12], as well as frequency-
domain and attention-based architectures like FreTS, EEG-Conformer, and Brain JEPA [8-10]. Crucially,
the model exhibits superior robustness to noise, channel dropouts, and graph estimation errors, empir-
ically validating the theoretical stability conferred by fractional operators in both temporal and graph
domains. While our empirical focus is on epileptic EEG, the proposed learnable fractional operators are
domain-agnostic and extend naturally to other complex systems—such as traffic sensor networks and
multi-asset financial series—where fractal temporal dynamics and evolving interaction graphs jointly
shape the observed data.

Related work. The FrFT has emerged as a key operator in deep learning due to its unique properties.
Guibas et al [41] developed the AFNO, which performs adaptive token mixing in the Fourier domain. Li
et al [42] combined FrFT with multi-scale wavelet decompositions, while [43] designed multi-scale frac-
tional Fourier convolutional neural networks with fractional orders a.. Beyond specific transforms, the
broader field of Fractional Deep Learning is rapidly expanding to model complex, memory-dependent
dynamics. Recent breakthroughs in FDEs have successfully integrated variable-order fractional deriva-
tives into neural networks [31, 32]. These foundational advancements in Neural FDEs strongly motivate
our design of the ‘Learnable o, grounding our adaptive fractional operators in a mathematically rigorous
framework rather than empirical heuristics.

Concurrently, the GFRFT has extended these concepts to irregular graph domains [29]. Yan et al
[44] introduced windowed GFRFT for localized filtering, while [45] applied spectral GFRFT to directed
graphs with notable success in causal analysis. Processing directed graph topologies remains a fundamen-
tal challenge, as standard GNNs often fail to preserve asymmetric edge directionality. In this context,
Magnetic Laplacians have been established as a robust mathematical framework for encoding direction-
ality in the complex domain [39, 40]. Our Hermitianization technique for processing directed GC net-
works shares this core philosophy: by mapping asymmetric relations into a complex Hermitian space, we
ensure that the unidirectionality of directed Granger-predictive influence is strictly maintained during
fractional spectral filtering.

Recent studies have advanced dynamic graph modeling for EEG signals, particularly in epilepsy appli-
cations. Gao and Ribeiro [46] established a theoretical foundation for temporal graph representations,
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proving that time-then-graph frameworks are strictly more expressive than time-and-graph approaches.
Building on this, EvoBrain explicitly captures evolving brain networks through a two-stream Mamba
architecture [47], and GRAPHS4MER combines structured state space models (S4) with GNNs for spa-
tiotemporal modeling [48]. Although focused on SAR images, Chen et al [49] utilized a shallow broad
wavelet scattering network with fractional operators for noise-robust feature extraction, aligning with our
approach of integrating spatial-frequency analysis with learnable fractional orders.

In functional brain network analysis, capturing dynamic topology is critical. While traditional
approaches heavily rely on handcrafted synchronization indicators like wPLI [50] and coherence analysis
[51], they face the threshold problem [52]. To overcome reliance on predefined heuristics, Differentiable
Graph Learning has emerged as a powerful paradigm. Prominent frameworks such as NRI [37, 38] and
IDGL (35, 36] jointly learn both the graph topology and node representations purely from observa-
tional data. While fully end-to-end approaches offer maximum flexibility, they incur massive compu-
tational overhead and may generate topologies lacking physiological interpretability. Therefore, our EEG-
GraphFrFT adopts a principled hybrid strategy: we utilize deterministic connectivity metrics (wPLI and
GC) to establish reliable, domain-grounded structural priors, which are subsequently refined and opti-
mized through our learnable graph fractional operators.

Recent surveys and empirical studies further highlight the momentum of deep learning in epileptic
EEG classification. [53] comprehensively reviewed convolutional, recurrent, and hybrid models for auto-
matic seizure detection. Sharma et al [54] demonstrated the effectiveness of FrFT-based feature extrac-
tion in EEG-based neurological disorder identification, providing direct evidence for extending fractional
methods to epilepsy.

Contributions. Analyzing nonstationary graph signals is a core challenge in GSP. These signals exhibit
dual nonstationarity: the statistical properties of node features drift over time, while the underlying
graph topology evolves simultaneously. Standard deep learning models struggle with this complexity.
Time-frequency tools (e.g. STFT, FreTS) use fixed basis functions, limiting adaptability to transient com-
ponents. Spatially, standard GNNs with integer-order Laplacians suffer from over-smoothing, erasing
critical high-frequency details as network depth increases.

We propose a shift to learnable fractional-order operators. Fractional calculus models systems with
memory and non-locality. Temporally, the FrFT rotates the time—frequency plane via a fractional order,
optimizing energy concentration for non-stationary signals. On graphs, fractional Laplacian powers (L*)
induce anomalous diffusion, slowing spectral convergence and alleviating over-smoothing. Making these
orders learnable allows the model to adapt its spectral resolution and diffusion dynamics to the data’s
intrinsic complexity.

We validate our framework on epileptic EEG, an ideal ‘worst-case’ benchmark exhibiting pronounced
dual nonstationarity: abrupt, chirp-like frequency drifts and rapidly reorganizing functional brain net-
works. Its fractal properties and long-range dependencies challenge integer-order models. Success here
provides a rigorous proof-of-concept for broader nonstationary graph signals.

We introduce EEG-GraphFrFT, a unified dual-path framework. Path 1 (Temporal) uses a GFNO with
trainable order 6 to learn an optimal time—frequency basis for transient patterns. Path 2 (Graph) con-
structs dynamic functional networks and applies Graph Fractional Operators for adaptive spectral filter-
ing on the evolving topology, balancing global integration with local pattern preservation.

We provide theoretical analysis proving the well-posedness and stability of our fractional graph fil-
ters. Extensive experiments on three benchmarks show EEG-GraphFrFT outperforms state-of-the-art
models (e.g. Mamba, Transformers), with superior robustness to noise and channel dropouts. While
empirically focused on epilepsy, the learnable operators are domain-agnostic, applicable to traffic net-
works and financial series. Our contributions are:

Learnable fractional operator framework: bridging memory and locality. A trainable GraphFrFT and
fractional operator layer with adaptive exponential modulation for nonstationary time—frequency analy-
sis. Fractional operators inherently capture long-range dependencies and fractal structures, overcoming
the locality of integer-order calculus.

Graph fractional stability theory: tunable anomalous diffusion. Holder-type stability bounds for frac-
tional graph filters under bounded structural perturbations; the graph fractional operator induces a tun-
able anomalous diffusion process, compressing the Laplacian spectrum to suppress noise while preserv-
ing mid-high frequency structures, thus theoretically addressing the over-smoothing bottleneck in deep
GNNs.
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Figure 1. The EEG-GraphFrFT framework employs a dual-path architecture: CHANI applies trainable fractional neural oper-
ators for adaptive time—frequency analysis, while CHAN2 constructs functional networks (WPLI/GC) processed via graph frac-
tional operators. Features are fused via parameter-efficient low-rank bilinear pooling for seizure detection. Here, B, T, N, S, d,
and C denote the number of frequency bands, raw temporal length, number of EEG channels (or graph nodes), temporal seg-
ments, hidden embedding dimension, and number of output classes (C = 2), respectively.

Hybrid nonstationary graph modeling via operator-level fusion. A dual-path design that fuses signal-
space FrFT and graph-space fractional filtering via low-rank fusion. By embedding deterministic domain-
knowledge connectivity priors into learnable fractional filters, it offers a mathematically unified paradigm
through shared fractional transformations, rather than simple feature concatenation, for consistent han-
dling of dual nonstationarities.

2. Method

The EEG-GraphFrFT framework we propose is a dual-path architecture designed to comprehensively
capture the complex and non-stationary features of electroencephalogram (EEG) signals for seizure
detection, as shown in figure 1. This model processes the original multi-channel EEG input through two
complementary and domain-specific channels, each of which is customized to extract different but com-
plementary feature representations. CHAN1 directly operates on time series signals and uses GFNO with
learnable fractional parameters for adaptive time—frequency analysis. CHAN2 builds a dynamic func-
tional connectivity network from the same EEG input, quantifies undirected synchronization (via wPLI)
and directed predictive dependence (via spectral GC), and then processes it through the GFRFT layer to
extract the spectral features of the graph. A dedicated feature fusion module integrates the feature map-
pings of the two paths, and then generates the final prediction through a series of fusion post-processing
modules and task-specific classifiers. This design enables the model to synergistically utilize signal space
and graph space representations, providing a solid foundation for detecting pathological brain dynamics
related to epilepsy.

2.1. GFNO

Real-world EEG signals are inherently non-stationary, exhibiting complex temporal dynamics such as
drifting instantaneous frequencies, intermittent oscillatory patterns, and amplitude-phase modulations,
particularly during epileptic seizures. Traditional signal processing techniques, including standard Fourier
and wavelet transforms, often fail to adequately capture these behaviors due to their fixed basis func-
tions and inherent assumption of stationarity. To address this limitation, we introduce a GFNO, a novel
learnable operator that extends fractional pseudo-differential calculus within a deep learning framework,
enabling adaptive time—frequency analysis tailored to non-stationary EEG characteristics. The mathemat-
ical foundation of our approach rests on the generalization of classical convolution and differentiation
through fractional pseudo-differential operators. These operators enable adaptive joint time—frequency

5
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analysis by incorporating a rotational parameter that extends traditional Fourier analysis, enabling more
flexible representation of non-stationary, highly variable signals such as EEG.

Definition 1 (Fractional pseudo-differential operator). Let a(t,&) be a sufficiently smooth symbol func-
tion defined on R, x R¢. For any dimensionless FrFT order sin (“79) # 0 and for any ¢ € L*(R), the associ-
ated fractional pseudo-differential operator T? : L*(R) — L*(R) is defined as:

(19) (1) = /R K_g (66 a(t.€) 8° (€) . 1)

where ¢7 (£) = F9[¢](£) denotes the FrFT of ¢ of order 6, and K_ (¢, &) represents the kernel associated
with the fractional transformation. Let © denote the dimensionless FrFT order, with the corresponding rota-
tion angle ¢ = 70/2.

A critical aspect of this definition is that the dimensionless FrFT order 6 serves as a fractional order
parameter, which is not predetermined but learned during training. This learnability allows the operator
to dynamically adjust the time—frequency resolution based on the input signal characteristics, overcom-
ing the limitations of fixed-order transforms. By optimizing 6 through backpropagation, the GFNO can
capture non-stationary features such as abrupt frequency changes in epileptic seizures more effectively
than traditional methods.

To operationalize this mathematical framework within a deep learning architecture, we introduce the
neural fractional operator (NFO), which parameterizes the symbol function a(t,£) using learnable compo-
nents while maintaining the theoretical properties of fractional operators. Let X € REXC represent a mul-
tivariate EEG signal with L time samples and C channels. The symbol function a(t,&) is factorized into
separable time-dependent and frequency-dependent components a(t,&) = u(t)v(¢), where u: R — R®
and v: R — R are learned functions capturing temporal and spectral profiles respectively. The NFO
T2 I*(R)C — L*(R)C of order 6 ¢ 7Z operates on signal ¢ € L*(R)€ as:

(7)) =u®F ° [v(©) 0 F [ ()] (1 (2)

where F’[-] denotes the FrFT of order 6, and ® is channel-wise multiplication. The NFO is param-
eterized by two hypernets HyperNet' and HyperNet® producing u(t) and v(¢). For each latent fea-

ture dimension g = 1,...,d, we introduce an unconstrained trainable parameter 34 , € R. The nor-
malized FrFT order is parameterized as 6, = o(fs,4) € (0,1), where o(-) denotes the sigmoid func-
tion. The corresponding rotation angle is ¢4 = 76,. The inverse fractional transform is evaluated using
order —0,. We initialize 3 4 ~ N(0,0.5), which produces initial fractional orders concentrated around
0.5. The parameter 6, is associated with the g-th latent feature dimension after temporal embedding,
rather than directly with an original EEG electrode channel. Both hypernets are single-layer MLPs with
Snake activation Ag(x) = x+ B~ 'sin*(8x) and learnable 3 > 0 to mitigate spectral bias. To stabilize
high-frequency behavior we apply a nonnegative frequency gate w(&) = SoftPlus(yo + 71|£]) and use
v(&) = exp(—w(&)) v(€) inside the operator; this yields monotone, learnable attenuation without numeri-
cal instability.

Positional encoding. Positional information is encoded via Fourier embeddings:
2(0) = st {05 (- W) HL, » fsin (- )b, 3)

where tresaled = t/T, w=27t/T, and f, = 2~! for k=1,...,B. Here T is the sequence length and {f;}
form geometric frequency bands, yielding z(¢) € R,

Fast FRFT computation The standard Ozaktas-style [55] factorization for the fast FRFT:
frft_ozaktas (x,6) = scale - post_chirp - F ~! [F [pre_chirp - x] ® F [g]] - post_chirp (4)

The pre-chirp and post-chirp terms are defined as:

pre_chirp (t) = exp <]7r tan% . t2> ,  post_chirp (u) = exp <]7r tan% . u2> (5)

Here, 6 denotes the dimensionless FrFT order, whereas ¢ = 7w/2 denotes the corresponding rotation
angle.. The convolution kernel is

1 K
hk] = 7/7| | exp <J7T smgb) (6)

6
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implemented as a linear convolution via FFT with appropriate zero-padding.
Special cases are handled explicitly, without invoking the general FRFT kernel:

0 =0: identity transform (7)
#=1: standard Fourier transform (8)
# = —1: inverse Fourier transform 9)
f=2: timereversal. (10)

The use of tan(¢/2) in the chirp factors avoids divergence near sin¢ — 0, where cot¢ is unstable.
The kernel scaling 1/4/]|sin¢| ensures unitarity up to a global phase. Near singular angles (¢ = k), the
implementation uses explicit limiting branches. The ¢ = %m/2 Fourier-transform cases are also handled
explicitly for numerical accuracy and efficiency.

2.2. Graph-based functional connectivity analysis with graph fractional operators

Functional connectivity networks with wPLI and GC We have established a functional connection net-
work that integrates domain expertise with learnable spectral filtering. It captures the dynamic changes
among complex regions in the brain activity of epilepsy patients. We use two complementary determin-
istic metrics calculated across predefined frequency bands. The wPLI measures phase-based synchroniza-
tion. GC captures the directed Granger-predictive influence in the frequency domain. While our graph
fractional operators are fully differentiable and theoretically capable of purely end-to-end topological
learning from scratch, we explicitly incorporate these deterministic connectivity metrics as structural
priors. This hybrid design is a deliberate trade-off: it significantly accelerates model convergence, miti-
gates the prohibitive training time overhead associated with learning dense dynamic graphs purely from
data, and ensures that the initial topology remains physiologically interpretable. The combination of this
dual-function network construction method provides a more comprehensive characterization of brain-
network interactions. It integrates undirected functional coupling with directed predictive dependence
during epileptic seizures, which is subsequently processed and refined by our learnable fractional oper-
ators. Notation: we use () for transpose and (-)" for conjugate transpose; for real-symmetric Ly, we
write Ly, = UAUT, while for Hermitian Ly we write Ly = UAUM.

The theoretical motivation for wPLI is that PLI can be unstable under small perturbations, as small
phase fluctuations can flip lag into lead, reducing its sensitivity to weak interactions [56]. Similarly,
imaginary coherency normalizes by signal amplitude, making it more sensitive to added uncorrelated
noise sources. wPLI weights the sign consistency of non-zero phase lag by the magnitude of the imag-
inary cross-spectrum, improving robustness to small perturbations and reducing the contribution of
near-zero-lag interactions. wPLI quantifies non-zero lag phase synchronization between EEG signal chan-
nels, effectively suppressing volume conduction effects. For a windowed EEG segment X € R™¢ with T
time samples and C channels:

1. Compute the Fourier transforms for each channel at frequency f:
Xy = F(X) (11)
2. Calculate the cross-spectral density between channels i and j:
Sij=X; - X; (12)
where * denotes complex conjugation.
3. Extract the imaginary part of the cross-spectrum:
R (Sij) = imaginary component of S;; (13)

The wPLI between channels i and j at frequency f is defined as:

wPLL; (f) = [E [z( i) (14)

|
E[]3(Si)]]

where E represents expectation over trials or time windows. This formulation weights phase leads/lags by
the magnitude of the cross-spectral imaginary component, emphasizing consistent non-zero lag interac-
tions while suppressing volume-conducted zero-lag synchronization.

7
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Spectral GC measures directed frequency-specific information flow between EEG channels [57, 58].
We model the EEG channel pair x;(¢) and x;(¢) with a stable bivariate VAR(p):

e o | N A B i

k=1
PLOBIINC)
where Ay = %,1) b%) are coefficient matrices, and € are white noise residuals with covariance matrix
9 92

Define the frequency response
¢ T B
HN = [1=S"Ae—i2nfk :[ i ij }, (16)
& ( 2N ) () H(f)

so the spectral density is

smszsz“{zg 38} 7

To obtain pairwise GC i—j, we orthogonalize the innovations so that ¥ is diagonal, which yields
¥ = diag(%;;, Xj). Then the total spectrum of j decomposes as

Sii (f) = |H;i (N P i + |Hj () * 25, (18)
while the restricted (no-i) spectrum is
Siii (/) = [Hji () |* 2. (19)

Thus the frequency-domain GC reduces to the standard log-ratio:

Sii (/) H;i (f)I” Zii
Fisi(f) =In-2 :1n<l—|—] . (20)
H] Siili () [Hji () I Zj
which matches the widely used formulation of [58]. This is the expression we implement in our
pipeline.

The computation involves three stages:
Stage 1: Time-domain vector autoregressive (VAR) modeling For EEG signals x;(f) and x;(¢), fit a
bivariate VAR model:

p
Xi(t):| [xi(t— k):| |:Ei(t):|
=) A + (21)
Lj (1) ; “lae=0] T g0
where p is the model order (determined by AIC/BIC), Ay are coefficient matrices, and e are residuals

with covariance 3.
Stage 2: Spectral transformation Compute the spectral transfer matrix:

p —1
H(f) = (I — ZAke—i“fk> (22)
k=1

Stage 3: Frequency-domain GC calculation The spectral GC from ii to j at frequency f is:

|H;i (f) 22:’:’)
GCiyi(f) =1n (14 LI Zii 23
$6Ci; () n( |Hj () 2 =

where X = cov(e) is the residual covariance matrix.
The final GC metric integrates directional influence across frequency band FF:

1
GCi—>j = m Z SGCi_>j (f) (24)
fer
Higher values indicate stronger directed causal influence from channel ii to jj.

8
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Dynamic functional connectivity networks are constructed using a sliding window approach. It is
important to note a fundamental trade-off in our methodology: while we emphasize the severe non-
stationarity and abrupt frequency drifts of epileptic EEG, estimating reliable functional connectivity
(WwPLI and GC) inherently requires a temporal window of sufficient length to compute stable cross-
spectral densities and autoregressive coefficients. This presents a ‘stationary window paradox’—a win-
dow too short yields noisy, statistically unreliable connectivity estimates, whereas a window too long
oversmooths transient seizure dynamics and violates local stationarity. To balance temporal resolu-
tion with estimation reliability, we systematically evaluated varying window sizes. As detailed in our
ablation studies (section 3.2), dynamic functional connectivity networks are constructed from overlap-
ping temporal windows. Each window contains W = 2048 samples, corresponding to 4~s at a sampling
rate of 512~Hz. Consecutive windows are extracted using a stride of R = 256 samples, corresponding
to 0.5~s and an overlap of 1792 samples (3.5~s). For a recording containing T;.. samples, the num-
ber of extracted windows is S = [TT*WJ + 1.For each temporal segment, the process involves comput-
ing the wPLI matrix W € RN*N to capture undirected phase synchronization, followed by the GC ten-
sor G € REXNXN for B frequency bands (delta: 1-4 Hz, theta: 4-8 Hz, alpha: 813 Hz, beta: 13-25 Hz,
gamma: 26-80 Hz). To enable end-to-end threshold optimization, we replace the non-differentiable
hard indicator with a temperature-controlled sigmoid approximation. For the wPLI and GC branches,
respectively, the soft edge masks are defined as ijw) = o (k(Tw—Wy)), Mjgg) = o (k(7g — Gpy)) , where
0(z) =1/(1+exp(—z)) and k =20 is a fixed temperature coefficient. Connections below the learned
threshold produce mask values close to one, whereas connections above the threshold produce mask val-
ues close to zero.

The modulated connectivity matrices are computed as Wij =W exp(—%le(jW)> , (~}ﬁj =

Ggj exp(— gM%)> . The parameter pairs (7,,7,) and (74,7,) are independently instantiated for the wPLI

and GC branches and jointly optimized with the remaining model parameters. The thresholds are dif-
ferentiable because %if = kM(1 — M), which provides valid gradients around the threshold transition.
The modulated matrices W and G are subsequently used to construct the corresponding graph spec-
tral operators. After differentiable graph modulation, the resulting sequence of time-varying functional-

() ~ s
connectivity representations is defined as G = {(W(t),G (t)>} , where S denotes the number of
=1

temporal windows, W(t) € RNXN ' is the modulated wPLI connectivity matrix at window ¢, andG ® S

RBXNXN s the modulated multi-band GC tensor. In the present implementation, B =5 corresponds to
the 9, 6, a, 5, and ~y frequency bands. These modulated connectivity representations are subsequently
passed to the graph fractional feature-extraction layers.

Graph fractional operators via functional calculus We operate exclusively on Hermitian (PSD) Laplacians
to ensure real spectra and stable gradients. Let L, denote the graph operator used for the spectral calcu-
lus: L, = Ly, for undirected wPLI graphs, and L, = Ly for GC graphs (Hermitianized; appendix A.1.1).
With L, = UAU” and a € (0,1], we define the fractional family

UG,a (L*) = eiieLga H‘r,oz (L*) = eiTLfa (25)
and use their real/imaginary parts as learnable graph-spectral filters. Gradients are analytic: 9, A =
A%ologA and dye 192" = —{A%1?A” In the reported implementation, the GFT matrix is obtained
by exact eigendecomposition of each graph-shift matrix, and the fractional power of the GFT matrix is
also evaluated by eigendecomposition. Therefore, the dense spectral computation requires O(N”3) time
and O(N”2) memory per graph. In the optimized data pipeline, the GFT matrices are precomputed and
reused, reducing repeated forward-pass overhead without changing their asymptotic construction cost.
For GC-derived graphs we build Ly = D, — I'©W; (unit-modulus phase I'), which is Hermitian PSD. All
fractional operators are applied to Ly to guarantee a real spectrum and numerical stability. The expo-
nential families in equation (25) are theoretical auxiliary operators and are not used in the implemented
network forward pass.

Extended fractional graph calculus The fractional graph derivative of order /3 is defined as D =

F; o AﬁFg, where Ag = diag((A\r)?) and )y are graph frequencies, extending classical fractional cal-
culus to irregular domains. For a symmetrized adjacency matrix W; and unit-modulus phase matrix
Iy = (Y4(i,5)) satisfying Y4(i,j) = Yy(j,i) for all i,j, define Ly = D, — 'y © W, where D, = diag(W;1).
Then Ly = Ly and xLyx = %Zi»j Weijlxi — Yq(i,7)xj|* >0. Then, Ly is Hermitian (Ly = Lj;), positive
semidefinite (PSD) (x*Lyx > 0 for all x € C"), recovers the standard symmetric Laplacian Lgy, in the
undirected case (wjj = wj;, I'; = 1), and has eigenvalues on the nonnegative real axis by Gershgorin’s

9
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theorem (proof in appendix A.1.2). For any diagonalization Ly = UVU* with V = diag(1), define
log V = diag(log|vi| +jarg(v)) and vg* = exp(aloguy), using the principal branch arg(vx) € (=, ).
Zero eigenvalues are shifted by a small ¢, and tiny negative parts from numerical roundoff are clamped
to zero, ensuring logV and V* are well-defined and numerically stable. Specifically, we use ¢ = 1078 in
all experiments, which is sufficiently small to have negligible impact on the spectrum.

GFRFT-based feature extraction To extract discriminative features from functional connectivity net-
works, a dual-mode Graph Fourier Transform (GFT) framework is implemented, adapting to undirected
(wPLI-based) and directed (GC-based) graph structures. The core innovation is an adaptive eigendecom-
position strategy, based on graph directionality and a learnable fractional order parameter c.

Undirected graph processing (wPLI): For undirected networks derived from wPLI, the symmetric

normalized Laplacian is computed as Lgy, =1 — D~ '/2AD~'/2, where D is the degree matrix and A

is the symmetric adjacency matrix. Eigendecomposition preserves the spectral gap: Loy, = UAUT =
kN:_OI )\kukuz, with eigenvalues ordered 0 = Ao<< Ay < -+ < AN—1 = Amax- The learnable GFRFT is

applied as Zyngiy = UA“UTX = Z;j;ol /\f(uZX)uk, where « is initialized at 0.5 and optimized via VL =

Tr (595 "U(A” 0log A)UTX).

Directed graphs (GC) via Hermitianization. For GC-derived directed connectivity we use the Hermitian
Laplacian Ly = D; — ' ©® W, (unit-modulus phase I"). All fractional operators are applied to Ly, ensur-

ing a real PSD spectrum. For GC-derived directed connectivity we apply fractional operators to Ly per

frequency band (Each supplied graph-shift matrix is processed independently using exact eigendecompo-
sition; Hermitian inputs use a Hermitian eigensolver, whereas general inputs use a general eigensolver);

adjacent-band orders {oy} are tied via a total-variation penalty to reduce overfitting.

Unified processing. We always apply fractional operators on a Hermitian PSD Laplacian:

Lym (WPLL undirected),

. o (26)
Ly (GG, directed; Hermitianized) .

Z=UA*U"X, L, :{

This removes the unstable A =UVU™! branch and keeps gradients real-valued.

Multi-band processing for GC: For GC networks, each frequency band is processed separately. GC matri-
ces are computed for bands As,Ag,An,Ag,A,, and directed GFRFT is applied with independent o
parameters. Band-specific features hs,hg,h,,hg, h, are extracted and concatenated: hy. = [hs ®hy @

h, ©hg &h,]. We share « across adjacent bands with a total-variation penalty on {a;} to reduce
overfitting.

Feature Fusion: The final representation combines modalities: hgny = heeg @ hyypii @ hye, Where heeg are
features from raw EEG, hyy); from wPLI graphs, and h,. from GC graphs.

Feature fusion via low-rank bilinear interaction To integrate time—frequency (CHAN1) and graph
(CHAN?2) features, a low-rank bilinear fusion mechanism captures multiplicative interactions between
feature vectors s € R* and g € R%. This approach is more expressive than concatenation or addition and
is parameter-efficient due to low-rank constraints. The output y € R% is computed as:

y=U" [(Vjs) ® (V;g)] +b, (27)

where V, € R%X", V, € R%*" project features to a shared r-dimensional space (r < min(ds,d,)), U €
R™4 projects to the output space, and ® denotes the Hadamard product. This models second-order
interactions efficiently, with details and derivations provided in appendix A.1.5.

Stability of graph fractional filters under perturbations We study the stability of fractional graph filters
under structural perturbations of the Laplacian. Throughout this subsection we assume that L, L € R"*"
are real symmetric PSD Laplacians with spectra in [0, Apax], and that o € (0,1], 7 > 0. We write A =
L—L and use || - ||, for the operator norm. Fractional powers are defined via functional calculus: L% =
UA®UT for L= UAU'. All proofs are deferred to appendix A.1.3.

Theorem 1 (Holder stability of fractional graph filters). Let L,L > 0 be PSD Laplacians, o € (0, 1], and
T > 0. Then there exists a constant C,, > 0 depending only on o and a priori bounds on ||L||2, ||L||2 such that

e = e, < mCaflL = B, (28)

10
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Proof sketch. First, fractional powers are Holder continuous on PSD cones: ||[L* — L||; < Cu||L — i||;nin{1’a} for
a € (0,1]. Second, use the integral representation e ™4 — e 8 = fol e~ (=94 (B— A)e~Pds with A = 7L?,

B = 7L%; contractions ||e x|, < 1 for X = 0 give ||e™™" — e~ 7L||, < 7||[L™ — L*||,. Combine the two
bounds.

Theorem 2 (High-frequency attenuation on spectral subspaces). Let Py = 1, ) (L) be the spectral

projector of L onto eigenvalues > o > 0. Assume that E=Ran(Pg) is a reducing subspace for both L and L
equivalently PEL=LPg. If |L — L||,<e with e € [0, \), then

[Pe(e =) P < e (om0 e — Loy <7 Cae (79T Lot 29
2

where (-)4 := max(0,x). Proof sketch. On the subspace E, the spectrum of L lies in [\§',00) while Weyl’s
inequality yields a shift at most € for L. Hence ||e= ™" | ||,<e™ ™ and |le= ™" |p ||,<e™7 ((o=2)1)% Apply
the integral identity as in theorem 1 restricted to E to obtain the exponential factor.

Remark 1. Theorems 1 and 2 are stated for « € (0, 1], where Holder-type sensitivity holds. For a > 1, the
scalar spectral map f{\) = A is continuously differentiable with bounded derivative on [0, A,,.«]. Hence the
same perturbation argument yields a Lipschitz-type bound on bounded PSD spectra. Therefore, stability is
preserved, although the sublinear Holder sensitivity is replaced by linear sensitivity.

Corollary 1 (Practical stability under approximation). Let L,L > 0 be PSD Laplacians with spectra in
[0, Amax), let o« € (0,1], 7 > 0, and define

Hro(L)=e"T".
Let H, o, k(L) denote the order-K Chebyshev/Lanczos approximation of Hy. o (L), and assume that
||ITIT’Q,K (L) = Hro (L) |2<ek, HITIT,Q,K (I:) —Hrao (I:) [2<exk.
Then
Fr i (L) = Hr, 1 (L) [2<7 Ca [T = L3 4 26

Therefore, the practical operator inherits the Holder-type stability of theorem 1 up to an additive truncation
error that decreases with the approximation order K.

Proof. We decompose the error using the triangle inequality:
1Hr ek (E) = Hr,aok (D) 2< I Hr i (E) = Hra (L) ll2 + | Hr,o (L) = Hroa (D) |12 + | Hra (L) = Hr o (L) ]2
The middle term is bounded by theorem 1:
| (E) = Hro (L) [2<7Ca | L~ L[5,
The first and third terms are bounded by the truncation error:
A‘r,a,K L)— T, L 2XXEK, T,Q - A‘r,a,K 2XEK-
IHr ok (L) = Hr.o (L) ll2<ex,  [|Hr.o (L) = Hr ok (L) [|2<

Combining the bounds gives

|y ok (E) = Hr ook (L) [2<7Ca| L= L|F™0) 4 2¢.

In practice, we approximate L® and the associated matrix exponentials using Chebyshev/Lanczos
expansions of order K= 8—16. This introduces a truncation error eg, which is explicitly accounted
for in corollary 1. For the chosen values of K, this error is small, and the overall Holder-type stability
is effectively preserved.

Implications. The above bounds imply sublinear sensitivity to structural noise for o < 1, and nonexpan-
siveness of heat-type filters (|le™™"||,<1). Combined with our empirical noise and dropout robustness,
they provide a theory-to-practice explanation for the gains of fractional operators in seizure detection.
Proofs are in appendix A.1.3.
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Table 1. Summary of the three EEG datasets. Channel processing was performed separately for scalp EEG and intracranial ECOG/SEEG
recordings. For FMCE and HUP, channels marked as bad, non-neural, or reference-only were excluded according to the available
electrode metadata. The scalp 10-20 system and spatial interpolation were not used to generate artificial intracranial contacts.
Recordings with fewer than 64 valid contacts were zero-padded and accompanied by a binary node mask, whereas recordings with more
than 64 valid contacts were reduced using a fixed recording-level contact-selection procedure. For the Helsinki neonatal dataset, the
original 21-electrode scalp montage was retained; the remaining input positions were zero-padded rather than spatially interpolated.
After subject- or recording-level partitioning, all recordings were segmented into 4~s windows (W = 2048 samples at 512~Hz) using a
stride of 0.5~s (R = 256 samples), corresponding to an overlap of 3.5~s.

Dataset Confidentiality ~ Species ~ #Subj.  Modality # Ch. #Samples  Duration  Stride
FMCE [59] Public Human 65 ECoG/SEEG  52-232 34320 4s 0.5s
HUP [60] Public Human 73 ECoG/SEEG  47-216 182937 4s 0.5s
Helsinki Neonatal EEG [61] Public Human 79 EEG 21 805097 4s 0.5s

3. Experiments

3.1. Data preprocessing

Neuroelectrical signals are prone to noise and artifacts that obscure neurodynamic features, particularly
in high-frequency bands critical for epilepsy research. To preserve data integrity and physiological sig-
nificance, we applied a strict preprocessing pipeline using MNE v1.9.0 and EEGLAB v2025.0. As sum-
marized in table 1, all EEG records were resampled to 512 Hz. A 1 Hz bandwidth notch filter removed
50/60 Hz line noise and harmonics, followed by a 0.1-200 Hz band-pass filter to capture relevant sub-
bands (§: 1-4 Hz, 0: 4-8 Hz, a: 8-13 Hz, 8: 13-25 Hz, low ~: 26-80 Hz, HFOs: >80 Hz). Artifact sub-
space reconstruction (ASR; burst criterion: 10 SD) was used to suppress transient high-amplitude arti-
facts. Independent component analysis using the Picard algorithm identified and removed ocular, mus-
cular, and cardiac artifacts through combined manual inspection and ICLabel automation. Common
average referencing was applied unless pre-referenced. Training parameters are provided in table AS8.

3.2. Results and analysis

Our proposed EEG-GraphFrFT framework demonstrates superior and robust performance across all
evaluation metrics and datasets, achieves the best performance among evaluated baselines for automated
seizure detection. The comprehensive analysis below details its effectiveness, robustness, and the contri-
bution of its core components.

Overall performance

EEG-GraphFrFT achieves strong performance across all datasets (table 2), with accuracy scores of
94.12% (HUP), 94.54% (FMCE), and 97.44% (Helsinki), substantially outperforming second-best
models—FAPEX (93.39% on HUP) and Mamba (91.82% on FMCE, 95.25% on Helsinki). EEG-
GraphFrFT achieves the best result on 12 of the 15 reported dataset—metric combinations, achiev-

ing the highest F1 scores and AUC values (0.9756 on FMCE vs. 0.9578 for EEG-Conformer and

0.9563 for Mamba), indicating exceptional precision-recall balance and ranking capability. Crucially,
EEG-GraphFrFT exhibits outstanding sensitivity (97.21% on HUP) and specificity (98.99% on Helsinki),
demonstrating equal proficiency in seizure detection and non-seizure rejection—critical for clinical
deployment to minimize false alarms and missed detections. The performance gap highlights the neces-
sity of domain-specific designs: the iTransformer lags considerably (85.87% vs 94.12% on HUP), while
frequency-based FreTS is surpassed by our integration of learnable time—frequency representations with
graph-based connectivity analysis, outperforming fixed Fourier transforms.

Protocol fairness. All baselines are tuned under the same subject-disjoint protocol and early-stopping

rule; when authors recommend default configs (e.g. Brain-JEPA), we adopt them verbatim. To ensure

the fairness of the experimental setup, a comprehensive comparison with additional baseline models is
provided in table A4.

Exceptional noise robustness

EEG-GraphFrFT exhibits exceptional noise robustness in additive pink noise tests (table 3), maintaining
93.76% accuracy under moderate noise (SD = 1)—a mere 0.8% decrease from clean data versus 6.8%
(Mamba) and 4.0% (EEG-Conformer) drops. Notably, under mild noise (SD = 0.5), it achieves 94.04%
accuracy (0.5% decrease) and even shows a 0.5% improvement in F1 score, while other models exhibit
declines. The F1 score decreases only 0.2% compared to 7.1% (Mamba) and 3.9% (EEG-Conformer),
highlighting superior stability. Under strong noise (SD = 5), EEG-GraphFrFT demonstrates remarkable
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Table 2. Performance comparison of different models on epileptic EEG classification tasks. The best results are shown in bold, and the second-best results are underlined for each metric within each dataset.

Models HUP FMCE Helsinki Neonatal EEG

Metrics Acc F1 AUC Sens Spec Acc F1 AUC Sens Spec Acc F1 AUC Sens Spec
EEG- 0.9026 0.9012 0.9259 0.9055 0.9102 0.8990 0.8990 0.9578 0.8807 0.9100 0.8843 0.8935 0.9095 0.9177 0.9134
Conformer

[10]

Jepa [9] 0.7917 0.7655 0.8225 0.7884 0.8139 0.8691 0.8376 0.8578 0.8626 0.8898 0.8431 0.8628 0.8728 0.8333 0.8571
Mamba 0.9107 0.9115 0.9485 0.9347 0.9308 0.9182 0.9183 0.9563 0.9533 0.9246 0.9525 0.9549 0.9839 0.9568 0.9644
(1]

iTransformer  0.8587 0.8580 0.8717 0.8617 0.9033 0.8578 0.8574 0.9235 0.7896 0.8835 0.8725 0.8903 0.9357 0.9115 0.8639
[12]

FreTS [8] 0.8151 0.8092 0.8003 0.8367 0.8865 0.8460 0.8455 0.9104 0.8367 0.8865 0.9076 0.9087 0.9054 0.9522 0.9451
FAPEX 0.9339 0.9339 0.9692 0.9364 0.9728 0.9005 0.9003 0.9567 0.9341 0.9588 0.9404 0.9449 0.9816 0.9406 0.9611
[62]

EEG- 0.9412 0.9406 0.9750 0.9721 0.9683 0.9454 0.9412 0.9756 0.9528 0.9746 0.9744 0.9739 0.9831 0.9608 0.9899
GraphFrFT
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Table 3. Performance comparison of different models on epileptic EEG classification tasks under noise conditions for the FMCE dataset. For Pink Noise conditions, the best percentage changes, indicating noise robustness, are
shown in bold, and the second-best percentage changes are underlined for each metric. Tied second-best results are underlined together.

Models Original Pink Noise (SD = 1)

Metrics Acc F1 AUC Sens Spec Acc F1 AUC Sens Spec
EEG-Conformer [10] 0.8990 0.8990 0.9578 0.8807 0.9100 0.8630 (—4.0%) 0.8636 (—3.9%) 0.8662 (—9.6%) 0.8240 (—6.4%) 0.8910 (—2.1%)
Mamba [11] 0.9182 0.9183 0.9568 0.9533 0.9246 0.8559 (—6.8%) 0.8533 (—7.1%) 0.9337 (—2.4%) 0.8400 (—11.9%) 0.8700 (—5.9%)
FAPEX [62] 0.9005 0.9003 0.9567 0.9341 0.9588 0.8899 (—1.2%) 0.8974 (—0.3%) 0.8976 (—6.2%) 0.8841 (—5.4%) 0.9388 (—2.1%)
EEG-GraphFrFT 0.9454 0.9412 0.9756 0.9528 0.9746 0.9376 (—0.8%) 0.9393 (—0.2%) 0.9706 (—0.5%) 0.9378 (—1.6%) 0.9696 (—0.5%)
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Figure 2. Performance comparison of various models under different noise conditions. The figure displays five metrics
(Accuracy, F1 score, AUC, Sensitivity, and Specificity) for EEG-Conformer (blue dashed line), Mamba (orange dashed line),
FAPEX (green solid line), and the proposed EEG-GraphFrFT (red solid line) across four noise conditions: original EEG (no
noise), pink noise with standard deviation 0.5, pink noise with standard deviation 1.0 and pink noise with standard deviation
5.0. EEG-GraphFrFT maintains the strongest overall absolute performance under severe noise, although FAPEX exhibits smaller
relative degradation on several metrics.

resilience with 84.10% accuracy (10.4% drop), significantly outperforming Mamba (13.0% drop) and
EEG-Conformer (19.6% drop). For complete noise robustness experimental data, refer to table Al; for
the visualization of EEG data with superimposed noise, see figure Al; and for the robustness results of
various models under different noise intensities for each metric, see figure 2.

This robustness originates from our fractional operators: CHANT’s learnable FrFT adaptively filters
noise via discriminative fractional orders, while CHAN2’s GFRFT processes inherently stable functional
connections. The gated fusion mechanism leverages the Holder stability and exponential high-frequency
attenuation properties of fractional graph operators to dynamically integrate noise-robust features from
the fractional channels (section 2.2). This stands in stark contrast to EEG-Conformer’s self-attention that
tends to overfit to noise patterns and Mamba’s state-space model that exhibits heightened sensitivity to
perturbations due to the lack of such structural stability guarantees.

Ablation study and component analysis Ablation results (table 4) reveal critical insights: 1) Learnable
fractional orders are fundamental: Optimal configuration (both channels with trained fractional orders:
CHANI with # and CHAN2 with «) achieves 94.5% accuracy, while fixed orders (f = 1 corresponds

to the standard Fourier case in CHANI, whereas ov = 1corresponds to the standard Fourier case in
CHANT1, whereas o = 1 corresponds to the integer-order graph spectral case in CHAN?2, equivalent

to standard FT) causes significant 5.0% drop (89.9%), confirming adaptivity’s importance for captur-
ing non-stationary dynamics; 2) Graph pathway synergy: Removing CHAN2 causes 3.3% performance
drop (91.4%), proving functional connectivity provides unique complementary information. Combined
removal of CHAN2 and CHANI adaptivity collapses performance to 69.1%; 3) Adaptive spectral fil-
tering: Learned fractional orders show domain-specific optimization—CHAN1’s parameter 6 averages
~0.5 (complete distribution of § values in four Layers is provided in figure A3), while CHAN2’s param-
eter « tailors to different graph types, with « values of 0.4926 for wPLI and 1.0065 for GC (complete
distribution of « values in three Layers is provided in figure A2). The value av = 1.0065 arises from
unconstrained optimization and lies very close to the theoretical boundary o = 1, indicating that the
learned optimum is effectively near the standard spectral regime. The concentration of CHAN1’s FNO
average # near 0.5 achieves an optimal time—frequency balance for non-stationary EEG transients. In
CHAN?2, GFRFT’s « is 0.4926 for wPLI (undirected), maintaining a similar balance for synchronization
analysis, while its a of 1.0065 for GC (directed) favors a pure spectral approach to model directed pre-
dictive influence. This demonstrates the model’s adaptive learning of domain-specific fractional orders.
Meanwhile, results in table 4 (row 4) reveal a critical divergence: the fixed-order transform (6 =1 for
CHANI and a =1 for CHAN2) increases AUC by 0.4% yet degrades essential clinical classification met-
rics. This shows the advantages of our learnable fractional order method in diagnostic indicators, thereby
ensuring its application value in clinical practice. 4) Sensitivity to initial values and gradient stability:
To deeply explore the robustness of the gradient updates and the model’s sensitivity to initial conditions,
we systematically evaluated performance across a grid search of initial parameters 6y, € {0.0,0.5,1.0}.
As illustrated in the 5-panel 3D sensitivity surface plot (figure A9), the model demonstrates remarkable
robustness regardless of the initialization states. Across the entire parameter grid, the performance met-
rics remain overwhelmingly stable, consistently maintaining test accuracies above 91.1% and AUC-ROC
above 0.935. Crucially, the multi-metric visualization reveals a relatively smooth performance surface
over the sampled initialization grid where the collective optimum converges precisely near the ‘empiri-
cally favorable’ regime (6y = 0.5, = 0.5), yielding the highest Accuracy (94.54%) alongside optimally
balanced Sensitivity and Specificity. This extensive empirical evidence effectively demonstrates that our
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Table 4. Performance of EEG-GraphFrFT model on FMCE dataset under different channel settings and fractional order values.
Percentage changes relative to the first row are shown in parentheses.

Channel Settings Acc F1 AUC Sens Spec

CHANTI: trained 6, 0.9454 0.9412 0.9756 0.9528 0.9746
CHAN?2: trained o

CHANI: trained 6,  0.9378 (—0.8%) 0.9377 (—0.4%) 0.9759 (4+0.0%) 0.9368 (—1.7%) 0.9698 (—0.5%)

CHAN2: a =1

CHAN1:0 =1, 0.9373 (—0.9%) 0.9373 (—0.4%) 0.9750 (—0.1%) 0.9365 (—1.7%) 0.9399 (—3.6%)
CHAN?2: trained o

CHAN1:0 =1, 0.8986 (—5.0%) 0.8991 (—4.5%) 0.9795 (+0.4%) 0.8913 (—6.5%) 0.9120 (—6.4%)
CHAN2:a =1

CHAN1:0 = 1.5,
CHAN2: v =1.5

0.9213 (—2.5%) 0.9210 (—2.1%) 0.9595 (—1.7%) 0.8902 (—6.6%) 0.9426 (—3.3%)

Remove CHAN2 0.9138 (—3.3%) 0.9199 (—2.3%) 0.9558 (—2.0%) 0.9062 (—4.9%) 0.9494 (—2.6%)
(only CHANI:

trained )

Remove CHAN2 0.6910 (—26.9%) 0.6984 (—25.8%) 0.7223 (—26.0%) 0.6371 (—33.1%) 0.7367 (—24.4%)
(only CHANI:

9=1)

gradient updates are highly stable, resisting divergence from arbitrary initializations and reliably navi-
gating to the optimal functional connectivity representations. 5) Hyperparameter sensitivity of expo-
nential modulation: To construct robust functional connectivity networks, our framework employs an
element-wise exponential modulation mechanism with adaptive thresholds (7, 7,) and decay parame-
ters (7,7,). Crucially, in our EEG-GraphFrFT architecture, these are designed as learnable parameters
updated via backpropagation rather than fixed hyperparameters. To evaluate the model’s sensitivity to
their initialization, we tested various configurations (detailed in appendix table A5). Extreme initializa-
tions, such as the absence of modulation (all 0 s) or aggressive pruning (all 1 s), degrade performance
(F1 scores drop to 92.62% and 93.07%, respectively) by either retaining noisy spurious connections or
destroying critical pathological topology. A uniform initialization (all 0.5 s) also performs suboptimally
because it ignores the distinct scale differences between phase-based wPLI and directed GC metrics. In
contrast, our optimal domain-aware initialization (7,, = 0.5,7, = 1.0,7, = 0.1,7, = 1.0) yields the high-
est Accuracy (94.54%) and F1 score (94.12%). Assigning a lower initial threshold to GC (tg = 0.1) pre-
vents the premature removal of sparse directed connections, while a higher initial threshold for wPLI
(Tw = 0.5) downweights weak or potentially spurious residual connections. The wPLI construction itself
reduces the contribution of zero-lag volume conduction. Together, these settings provide an effective
starting point for gradient descent to fine-tune the functional network topology.

To address the trade-off between capturing abrupt nonstationary transitions and maintaining reli-
able functional connectivity estimation, we evaluated varying sliding window sizes for graph construc-
tion (table A3). A short 0.5 s window results in lower performance (92.24% accuracy) due to insuffi-
cient temporal samples for stable wPLI and GC estimation, leading to noisy and statistically unreliable
structural priors. Increasing the window to 2.0 s improves stability (93.08% accuracy), but the opti-
mal balance is achieved at 4.0 s (94.54% accuracy), providing adequate data for robust spectral esti-
mation without excessively blurring transient seizure dynamics. Further extending the window to 8.0 s
degrades performance (92.72% accuracy), confirming that overly long windows violate the local sta-
tionarity assumption, oversmooth critical high-frequency temporal fluctuations, and fail to capture the
abrupt structural reorganization of the brain network during seizures.

The exceptional performance and robustness of our EEG-GraphFrFT model are fundamentally
attributed to its capacity to extract such highly discriminative features from the input signals. As demon-
strated in figure 3, the functional connectivity networks constructed by our framework successfully cap-
ture the stark contrast between interictal and ictal brain states. The wPLI analysis reveals a dramatic
emergence of strong, widespread phase-synchronization across the brain network during a seizure—a
hallmark of epileptic activity. It is precisely this characteristic hypersynchronization that our dual-path
architecture, particularly the GFRFT in CHAN2, is designed to detect and characterize in an adap-
tive manner. Notably, while the theoretical definition of fractional operators is typically constrained to
the (0,1] interval, our implementation allows the model to explore fractional orders beyond this range
(a > 1), expanding the parameter space for optimal feature learning. Empirical results show that the
learned parameters predominantly converge to physiologically interpretable regimes within the conven-
tional range, validating the stability of our approach. The quantitative results from the ablation study
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Figure 3. Group-averaged functional connectivity using wPLI. Left: Interictal state shows sparse and weak synchronization.
Right: Ictal state exhibits dense hypersynchronization. Insets report two graph-spectral summaries after the fractional graph

operator: the cumulative energy curve Ecym (k) = Zf:o ||%i]|? over Laplacian eigenmodes (ordered by A), and the low-frequency
energy ratio Ry = (3 A< [1%i]1%) / (32 11%i]|?)- Ictal curves rise faster and yield higher Ro together with lower spec-

tral entropy Hy = — >~ p;logp; (with p; o< ||%i|?), indicating that the fractional operator concentrates energy on large-scale
coherent modes consistent with seizure dynamics. Additional wPLI and GC connectivity patterns for 10 samples are shown in
figures A4 and A5, respectively. Full group-averaged graphs including GC analysis are provided in figure A6.

(table 4), which show a significant performance drop when the graph pathway (CHAN?2) is removed,
provide direct empirical evidence that leveraging this graph-structured information is crucial for the
model’s success. Furthermore, analysis of specific channels (e.g. O1 and O, in occipital lobe, T5 and
T6 in posterior temporal lobe, Pz, P3, and P4 in parietal lobe) during seizures reveals enhanced syn-
chronization and pathological activities in these regions, which our model effectively captures through
GFRFT, demonstrating its sensitivity to localized epileptic networks.

Our designed GFRFT demonstrates exceptional feature discrimination capabilities when processing
both directed GC and undirected wPLI networks. Taking GC as an example, this advantage is further
validated in figure 4 (the complete results including wPLI are shown in figure A7). The model trans-
forms the raw, asymmetric GC input matrix which captures directed causal influences between brain
regions—through three adaptive GFRFT layers. The key innovation lies in a mathematical transfor-
mation that shifts the analytical perspective from simple connection strength (the input view) to the
extraction of significant dynamic network patterns, which are encoded in the magnitude and phase of
complex-valued features. The ictal (seizure) state, characterized by a strong pathological causal network,
activates the GFRFT filters to produce a sparse output of high-magnitude components (see figures 4(b)-
(d)), effectively concentrating the signature of the epileptic seizure. In contrast, the interictal state yields
a lower-energy, more diffuse response (see figures 4(g)—(i)). This demonstrates that our GFRFT not only
preserves the input structure but, more importantly, actively refines and distills the complex directed
brain dynamics into a potent and highly separable feature representation, which is ultimately projected
by the linear layer into a clear and classifiable signature for seizure detection (see figures 4(e) and (j)).
The increased concentration of energy in low-order graph modes, together with stronger phase consis-
tency, is consistent with clinical observations of hypersynchronization and network densification during
ictal periods.

We evaluate the inference efficiency and performance trade-offs of various models based on compre-
hensive experiments conducted on an A100 GPU with 1000 inference samples. As illustrated in figure 5,
the per-sample latency generally decreases with larger batch sizes due to parallelization, yet our EEG-
GraphFrFT exhibits moderate latency compared to top-efficient models like Mamba. Table A2 confirms
that EEG-GraphFrFT is not the fastest (achieving 20.6 samples/second throughput), but this computa-
tional cost is offset by its exceptional performance. Furthermore, to comprehensively address the compu-
tational overhead, we evaluate the training time and peak GPU memory consumption across models, as
illustrated in figure A8. EEG-GraphFrFT requires a longer training duration, approximately 144 min per
epoch on a single GPU, mainly due to dynamic graph construction and fractional operator optimization.
However, its peak GPU memory consumption is only 950.89 MB, indicating that the main bottleneck is
computation time rather than memory capacity. This represents a remarkable 98.4% memory reduction
compared to large-scale models like EEG-Conformer, allowing our framework to be efficiently trained
on standard consumer-grade GPUs without relying on expensive computing clusters. Crucially, table 2
shows that EEG-GraphFrFT achieves state-of-the-art results across all three datasets, leading in 12 out of
15 reported dataset—metric combinations. Thus, for accuracy-critical applications like epileptic EEG clas-
sification, our model offers a favorable balance, prioritizing diagnostic reliability and memory efficiency
over minimal latency and training speed.
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Figure 4. Processing pipeline for Granger-causality (GC) connectivity through three GFRFT layers. Panels (a)—(e) show an ictal
trial and panels (f)—(j) an interictal trial. Arrow length encodes magnitude and arrow angle encodes phase of complex graph-
spectral features. Across Layers 1-3 the ictal dynamics are progressively concentrated into a sparse set of high-magnitude, phase-
aligned components, whereas interictal responses remain diffuse. The final linear projection separates classes. We also report
layer-wise sparsity Sy = 1 — ||z||1/(+/n||z||2) and directional phase concentration Cg;y = }ﬁ > ece €| Ictal trials exhibit

higher Sx and Cy;,, consistent with a directed pathological flow enhanced by fractional orders.
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Figure 5. Per-sample inference latency comparison of different models across varying batch sizes. The plot demonstrates the
computational efficiency of each model under different operational conditions. Notably, JEPA exhibits significantly higher
latency and has no results for batch sizes larger than 8 due to cache overflow, making it less suitable for time-sensitive scenar-
ios. As batch size increases, most models show reduced per-sample latency due to parallelization benefits.

Generalization to non-biological systems To empirically validate the task-agnostic nature of our frame-
work and its applicability to broader nonstationary systems (e.g. traffic flow, climate teleconnections),
we conducted experiments on a synthetic dynamic network dataset based on the Kuramoto model. The
Kuramoto model of coupled oscillators is a fundamental paradigm in physics and network science for
studying chaotic phase synchronization in complex macro-systems. We simulated highly nonstationary
phase dynamics across 64 nodes for 2048 time steps, driven by varying coupling strengths and external
forcing. To model distinct structural regimes, the underlying graph topologies were randomly gener-
ated as either Watts-Strogatz (WS) small-world networks or Barabdsi-Albert (BA) scale-free networks.
The observation sequences were further corrupted by 1/f fractional noise to mimic real-world measure-
ment uncertainties. The task was formulated as a binary classification (WS vs BA) using exclusively the
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observed chaotic time-series signals. The detailed parameters for the generative dynamic network, includ-
ing graph topology configurations and non-linear oscillator dynamics, are summarized in table A7.

As demonstrated in table A6, conventional time-series and transformer-based architectures (EEG-
Conformer, iTransformer, JEPA) severely struggle with this task, collapsing to near-random performance
(Accuracy =~ 51%, F1 < 35%) due to the chaotic and nonstationary nature of the phase dynamics.
While state-space models (Mamba) and physics-informed baselines (FAPEX) show improved resilience,
our EEG-GraphFrFT framework achieves the highest Accuracy (84.11%) and F1 score (84.10%). This
robust performance provides direct empirical evidence that the learnable fractional operators success-
fully disentangle complex graph-spectral dynamics and nonstationary temporal shifts without relying on
biological priors, confirming the framework’s broad applicability to non-biological complex systems.

Theoretical framework and generalization. This work introduces a unified mathematical framework

of learnable fractional operators for analyzing nonstationary graph signals—a fundamental challenge
spanning GSP and machine learning. We establish that fractional-order operators provide a principled
generalization beyond integer-order calculus, naturally bridging temporal memory effects and spatial
locality through continuous parameterization. The core theoretical contribution is a trainable dual-path
architecture where FrFTs in the signal domain and fractional Laplacians in the graph domain share the
same mathematical foundation of rotational and scaling operations, enabling consistent handling of dual
nonstationarities.

Epileptic EEG serves as an ideal validation testbed—a ‘worst-case’ scenario where both signal statis-
tics and network topology evolve rapidly and nonlinearly. Compared with the strongest baseline on each
dataset, EEG-GraphFrFT improves accuracy by approximately 0.7-2.7 percentage points, while larger
gains are observed relative to several other baselines.. More importantly, the consistent performance
advantages under noise corruption and structural perturbations are consistent with the theoretical sta-
bility properties derived for fractional graph filters.

Mathematical foundations and mechanism insights. The framework’s effectiveness stems from deep
mathematical principles:

(i) Fractional operators as continuity bridges. By generalizing integer-order derivatives to continuous
fractional orders, our framework creates a smooth interpolation between local and global, memo-
ryless and historical dependencies. The learnable fractional parameter « enables adaptive control
over the trade-off between feature preservation and noise suppression—a fundamental limitation of
fixed-order methods. This continuous parameterization is particularly suited for epileptic dynam-
ics, which exhibit fractal characteristics and long-range correlations that integer-order models fail to
capture efficiently.

(ii) Unified time-graph spectral processing. The rotational interpretation of FrFT in the time—frequency
plane and GraphFrFT in the graph spectral domain provides a coherent mathematical language for
spatiotemporal analysis. This unification explains why our model outperforms approaches that pro-
cess temporal and graph features separately: the shared fractional transformation paradigm ensures
consistent treatment of nonstationarity across domains. The Holder-type stability guarantees further
provide rigorous foundations for real-world deployment under measurement uncertainties.

(iii) Anomalous diffusion as implicit regularization. The fractional graph Laplacian L™ induces a tun-
able anomalous diffusion process that fundamentally addresses the oversmoothing problem in deep
GNNs. By compressing the spectral domain according to learned « values, our framework automat-
ically balances global integration with local structure preservation—the learned parameters (o =~
0.49 for synchronization networks, o ~ 1.0 for causal networks) empirically converge to biologically
meaningful configurations that optimize this trade-off for seizure dynamics.

Generalization beyond epileptic EEG. While epileptic EEG provides a rigorous validation domain, the
proposed mathematical framework is fundamentally task-agnostic. The core challenges of nonstation-
ary graph signals, which is dual evolution of node features and network topology, appear across numer-
ous domains. Traffic sensor networks: Road segment velocities (node features) and congestion propa-
gation patterns (edge weights) change jointly during rush hours or incidents. Climate teleconnections:
Regional climate indices and their long-distance correlation patterns evolve under climate change dynam-
ics. Multi-asset financial series: Asset prices and their volatility spillover networks co-evolve during mar-
ket regimes.
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In each case, the learnable fractional operators can provide a principled approach to adaptively cap-
ture the intrinsic time-scale and spatial-scale characteristics without pre-specified basis functions or fixed
diffusion rates. The theoretical guarantees of well-posedness and stability ensure reliable performance
across different graph geometries and signal characteristics.

Limitations and future directions. Current performance still depends on the choice of connectivity met-
rics (WPLI/GC) and predefined frequency bands; generalization across recording centers and patient-
specific calibration requires larger heterogeneous cohorts. Furthermore, while the accuracy gains are
critical for medical diagnostics, the dual-path architecture—particularly the graph branch—introduces
non-negligible computational overhead. As indicated by our inference analysis, the average latency of
48.606 ms per sample (approximately 20.57 samples/sec) is significantly slower than highly efficient base-
lines like Mamba and iTransformer. Consequently, the current framework is not suitable for real-time
deployment on resource-constrained edge devices, such as portable or wearable medical monitoring
equipment. The proposed fractional operators are task-agnostic and readily extend to other nonstation-
ary graph signal domains (traffic networks, climate teleconnections, financial time series). To alleviate
the current computational bottlenecks, promising next steps include exploring knowledge distillation

to transfer learned representations into lightweight student models, and implementing dynamic graph
sparsification to reduce message-passing complexity. Additional future directions involve self-supervised
pretraining on unlabeled EEG, fully adaptive connectivity estimation, uncertainty quantification via frac-
tional diffusion ensembles, and hardware-aware compression. Incorporating multi-dimensional GFRFT
[63] or fractional Hilbert transforms [64] may further enhance phase-based seizure forecasting.

Conclusion. We have developed a general mathematical framework of learnable fractional operators for
nonstationary graph signals, with rigorous theoretical foundations and empirical validation on challeng-
ing epileptic EEG data. The framework transcends domain-specific heuristics by providing a unified
approach to dual nonstationarity through fractional calculus principles. By demonstrating both theo-
retical soundness and practical efficacy, this work establishes fractional operator learning as a promising
direction for GSP, with potential applications spanning biomedical monitoring, infrastructure networks,
and complex system modeling.
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Appendix

A.1. Mathematical foundations

A.1.1. Theoretical properties of GFRFT

Theorem 3 (Unitarity preservation). When Fg is unitary (FAFg = 1), its eigenvalues satisfy | \;| = 1. The
fractional power becomes:

N=¢i )\ =% (A30)
Thus:
(FO"F, = VAT AV = Vdiag (M) v =1. (A31)

For the undirected path, the construction is based on the symmetric Laplacian Lqy, = UAUT, where
U is orthogonal and A>0. The corresponding fractional operator is then defined spectrally as

L& = UA“UT, (A32)

sym
which is guaranteed to be symmetric PSD but not necessarily unitary.
We have added the difference by distinguishing:
o The unitary case, where Fg itself is unitary and fractional powers preserve unitarity;

o The Laplacian-based case, where Ly, or Ly is diagonalized and fractional powers preserve
Hermiticity and positive semidefiniteness, but not unitarity.

Theorem 4 (Index additivity). Let F% = exp(aM) and F, = exp(bM) where M = log(Fg). Since M
commutes with itself:

FéFl(’; = exp (aM) exp (bM) = exp ((a+ b) M) = F(“‘fb. (A33)

A.1.2. Extended fractional calculus on graphs
Definition 2 (Fractional graph derivative). The fractional derivative operator of order /3 is defined as:

DP = F MRS, A =diag (X)), (A34)

where )y are graph frequencies. This generalizes classical fractional calculus to irregular domains.

Proposition 1. Let W be the symmetrized adjacency matrix, and let Iy = (Y ,(i,)) be a unit-modulus
modulation matrix encoding directional interactions in the graph, satisfying the conjugate symmetry condition

where 'y = (4(i,j)) denotes the matrix with entries Yy (i, ).
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Define the directed Hermitian Laplacian

Ly = D,—T,0W,,  Di(i,i)=Y W.(ij), (A36)
j

where the complex phase of Y 4(i,j) captures the directional asymmetry of the underlying causal interactions
between nodes i and j.

Then:

1. Ly is Hermitian, i.e. Ly = Lj;.

2. Ly is PSD, i.e. x*Lyx>0 for all x € C".

3. In the undirected case (wjj = wj;, I'q = 1), one recovers Ly = Ly, the standard symmetric Laplacian.

4. All eigenvalues of Ly are real and nonnegative.

Proof. Since W, is symmetric with nonnegative entries and Y,(i,j) = Y4(j,7), the off-diagonal entries sat-

isfy

Ly (17]) = 7Tf1 (17]) W (17]) ’ Lu (]’l) = *Tq (17]) W (Z’]) ; (A37)

0 Ly (j,i) = Lu(i,f). Diagonal entries are real, thus Ly = Lfj [, 65].
For any x € C",

XLux = x*Dex — x* ([0 W) x = > O We(ii)x(i)[F = > Wi(if) To(ij) x())x(j).  (A38)
i j ij

USiIlg ‘/Vs(la]) = WS(jv l) and Tq(j7 1) = Tq(ivj)’ group (17]) and (]a 1)

* L= 33 W) (1) + () = Y (i) XD () = Xq (1) X () ()

irj

= 1w i) (1) P+ )P 200y ) X)) (439
L]

= 1D W) [x(0) = Xy (i) x () [* 2o0.
i,j

Hence Ly = 0; see also proposition 2 in []. In the undirected case (I'; = 1), equation (A39) reduces to the
standard proof for Ly, [66]. Finally, since Ly is Hermitian, Gershgorin’s theorem applies and all eigenvalues
are real and nonnegative.
By Gershgorin’s circle theorem, each eigenvalue \ of Ly lies in a disk centered at Ly (,1) >0 with radius
> lLu (i, j)| = Lu(i,7). Thus $(A) >0, and since Ly is Hermitian, A>0.
O

Remark 2 (Preservation of directionality). Although the constructed Laplacian Ly = D; —I'y © Wy is
Hermitian, it does not discard the directional information inherent in the original GC graph.

Indeed, the modulation matrix Yy(i,j) encodes directional interactions through complex phases. Since
|T4(i,j)| = 1, one can represent it as

Tq (17]) = ei(bija Tq (]7 l) = Tq (17]) = eii@ja

where ¢;; € R denotes the phase associated with the directed interaction between nodes i and j.

Thus, an interaction from node i to node j corresponds to a phase shift +¢;;, while the reverse direction
corresponds to —@;;. Therefore, directional (causal) asymmetry is preserved through phase differences, even
though the resulting operator is Hermitian.

This construction is closely related to the magnetic Laplacian, where edge directionality is similarly
encoded via complex phase factors while maintaining a Hermitian structure for stable spectral analysis.

Thus, Hermitianization does not symmetrize the graph in the real domain, but instead represents direc-
tional structure in the complex phase domain.
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For any diagonalization Ly = UVU* with eigenvalue matrix V = diag(vx), we define
log V = diag(log |vk| +jarg(14)), v =exp(aloguy), (A40)

using the principal branch arg(vx) € (—m,w|. Zero eigenvalues are shifted by a small & before applying
log or powers, and tiny negative parts due to numerical roundoff are clamped to zero. Thus logV and
V@ are well defined and numerically stable.

A.1.3. Stability of graph fractional filters under structural perturbations

Setting and notation. Let L € R"*" be symmetric PSD with spectral decomposition L=UAUT, A =
diag(Ay,...,\n) and 0K\ <Apay. For o € (0,1] and 7 > 0 we consider the fractional heat kernel (graph
fractional filter)

Heo(l) = Ue ™A UT = 7717, (A41)

For a perturbed Laplacian L = L+ A > 0 assume ||A||,<e. Throughout, | - ||, denotes the spectral (oper-
ator) norm. For a Borel set I C [0,00) we write P;(L) for the spectral projector of L onto eigenvalues in
L

Preliminaries

We collect two standard facts used repeatedly.

Lemma 1 (Operator Holder continuity of fractional powers). Let A,B > 0 and o € (0,1). There exists a
constant C,, depending only on « (and, if desired, on a priori bounds for ||Al|, and ||B||,) such that

A% = B*|[> < Ca[|A - B3 (A42)

Proof. This is classical; see, e.g. the [67] inequalities via double operator integrals or integral representations
of fractional powers. Standard references include [68, 69]. O

Lemma 2 (Difference of exponentials). If X,Y = 0 are Hermitian PSD and T > 0, then
lem™ —e Y|, < T||X =Y, (A43)
Proof. Consider F(f) = e~ 719X~ for § € [0,1]. Then

d

5 F0) = Te TU=0X (x _y)e TV, (A44)
Hence
1
e e = —T/ e T=0X (X —v)e ™V dg. (A45)
0
Taking norms and using [|[e~™(!=?X||,<1 and |le~"Y||,<1 for PSD X, Y yields equation (A43). O
Main stability bound

Theorem 5 (Holder stability of fractional graph filters). Let L,L = 0, o € (0,1], and 7 > 0. Then
[#ra (L) = Hro (D) ||, < 7Ca L L7000 (A46)

In particular, for o € (0,1) we have the Holder-o bound ||e=™" — e~ 1|, <7 Co ||L = L||S,, while for o = 1 we
recover the Lipschitz estimate ||e ™™t — e~ L |, <7 ||IL — L||».

Proof. For o = 1, apply lemma 2 with X =L, Y= L.Fora e (0,1),

e ™" —e ™ LT ILY = 1), bylemma 2, (A47)

then use lemma 1 to obtain
IL% = L*[.<CallL ~ L]|5- (A48)
O
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Remark 3 (Directed graphs via Hermitianization). If a directed functional network is represented by a
Hermitian PSD operator Ly (e.g. via a conjugate-symmetric modulation of a symmetrized adjacency), then
the same analysis applies verbatim to Ly and its perturbations Ly, since the functional calculus and the con-
traction property of e ~™* require only X > 0.

High-frequency attenuation on spectral subspaces
We make the high-frequency attenuation precise on a spectral subspace E of L.

Lemma 3 (Quadratic-form lower bound on E). Let L =L+ A = 0 with ||A||,<e, and fix Ao > 0. Let
Pg := Py,,o0) (L) be the spectral projector of L onto eigenvalues > Xo. Assume that E=Ran(Pg) is a reducing
subspace for both L and L. Then for any v € E = Ran(Pg) and o € (0, 1],

v Lv= v Lv— || Al VI3 = (Ao —e) VI3, (A49)
vIL > (Ao —e) VI3, (A50)

whence, for any s € [0,1] and T > 0,
‘|e—rsi°‘PE||2<e—Ts()\o—5)i’ ”PEe—‘r(l—s)LO‘”2<e—7—(1—5)>\{)". (A51)
Proof. Inequality equation (A49) follows from v Av> — ||A||2||v||3 and v " Lv>\o||v||% on E. Operator

monotonicity of ¢ t* on [0,00) gives equation (A50). The bounds in equation (A51) then follow by the
spectral theorem, since e LY < e (M=% on E while L* > Ay onE. O

Theorem 6 (Exponential attenuation on high-frequency subspaces). Let L,L = 0 with L = L+ A,
|All2<e, and let Py = Pjy, o) (L) with Ao > 0. Assume that E=Ran(Px) is a reducing subspace for both L and

L. For a. € (0,1] and T > 0,
[P (&7 = &™) Py, < remm o 12 — 2. (A52)
Consequently, by lemma 1,
[P (&7 = &™) Py, < 7 Cae™ ot L - ), (A53)
Proof. Apply the integral identity of lemma 2 with X = L® and Y = L* and insert projectors:
[e% T 1 (e ~ T
Pp(e ™ —e ) Py = 7 / Ppe~TU=IL (Lo _ [) &L py s, (A54)
0
Taking norms and using equation (A51) gives

T ~ 1 «@ [
e (e e 7Y pefr it <o [ e TN i g (AS5)
0
< L% — Elpe 09, (A56)

where the final step bounds the integral by the maximum of the integrand (attained at s = 1 since (Ao —
€)1 <AY). O

Remark 4 (Perturbations confined to E). If A = PyAPg (no cross-coupling between E and E*), then E
reduces both L and L, and

1P (e*TL“ - e*fi“) Pilly = [l — e (1)" |, < G || PpAPg Y, (A57)

by combining lemmas 2 and 1. For general A, theorem 6 shows an additional exponential attenuation
e "Mo=9)% on E.

Corollary 2 (Global-to-local high-frequency control). With the assumptions of theorem 6,
[Hra (L) = Hra (E) Il > P (Hra () = Hra (L)) Pella < 7Cae™™Cm% L L7™00 (as8)

Thus perturbations that act predominantly on high-eigenvalue subspaces are strongly suppressed by the factor
—7(Xo—e)§
e +.
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Implications: Robustness of GFRFT and derived operators

We explain how the preceding results provide precise robustness guarantees for the GFRFT F, (L) =

e~ and the unified complex-time family G, ; (L) = e~ ("+0L" >0,

Proposition 2 (Structural robustness of FrFT). For L,L >0, a € (0,1], 0 € R,
[ Fo.cc (L) = Foa (E) 2101 Car [IL = L5 (A59)

Corollary 3 (Complex-time family: stability and high-frequency damping). For G. g .,

1Gr0.0 (L) = G (L) [2<V/72 4+ 02 Cy |IL = L3100 (A60)

If 7> 0 and Pg = Py, o) (L), then
1P (Gro.a (L) = Groa (L)) PellaV/7? + 67 Coem 70079 L L |70, (A61)

Derived operators. (i) Many graph time—frequency atoms have the form g(L) = e~ (""" and inherit
the bounds above. (ii) For the fractional resolvent R, (L) = (I+7L*)"},

[Rra (L) = Ry (L) <7 Co | L — L5 (A62)

(iii) Input-noise robustness: || Fyp,o(L)||2 =1 and |G 9,(L)|[2<1 for 720, so these operators do not
amplify measurement noise.

A.1.4. Differentiability of GFRFT

We work specifically with the Hermitian directed Laplacian Ly = D; — I'y © W, under the conjugate-
symmetry condition Y,(i,j) = Y,(j,i) and W, = W > 0. Under these assumptions, Ly = Lj; and Ly =
0°.

Definition 3 (Spectral definition of L{}). Let the eigendecomposition of Ly be
Ly=UAUY, Ulu=1, A=diag(v,...,v), >0, (A63)
For o > 0, the fractional power of Ly is defined by spectral calculus:

LE = UA~UY, A* = diag (v?,...,v%), (A64)

.
with the convention 0% = 0 for o > 0.

Well-posedness. Since Ly is Hermitian PSD, equation (A64) is well-defined for a > 0. When derivatives
with respect to « are required and zero eigenvalues are present, we use the standard e-shift A, = A +el
and set Lfj . = UAZ U", then take € | 0 after differentiation. This matches the principal-branch matrix-
function calculus used in the paper for logarithm and exponentiation.

Proposition 3 (Basic properties). Let Ly = UAU and LS be defined by equation (A64). For o, 3 > 0:
1. PSD and Hermitianity: L& = (L&) = 0.
2. Semigroup (index additivity): LGL) = L37F.

3. Continuity in o o — Liy _ is continuous and differentiable for every e > 0, with derivative

aiLgf = U(A®®@logA.) UH, (A65)
o,

where ‘®’ denotes the Hadamard product and log A = diag(log(v +€)).

Proof. All items follow from spectral calculus on the real nonnegative spectrum.

(1) Hermitianity is immediate since UA® U with A“ real diagonal is Hermitian; PSD holds because each
eigenvalue v > 0.

3 Hermitian and PSD properties follow from the quadratic form % Z,-yj Wi (i,f)|xi — Tq(i,5)xj|* > 0.
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(2) Using equation (A64), LALE = UA®UHUAPUH = UAHBUH = [2FF,

(3) For € > 0, each scalar map o — (v + €)% is C* with derivative (v + €)*log(vx + £). Stacking on the
diagonal and conjugating by U gives equation (A65).

O
Action on features and gradient. Given features X € C"*9, the directed-graph branch applies L
spectrally:
Zgr = LEX = UA°UYX. (A66)
Let £ be any real-valued loss on Zy;,. Using equation (A65) with an e-shift, the gradient w.r.t. « is
oL H
o= ReTr((E?Z’i) U(A2 ologA.) UHX> . (A67)

where the real part ensures a real gradient for complex-valued intermediates. This matches the matrix-
function identities already used in the manuscript for F} = exp(alogFs) and log(F%) = alog(Fg) under
principal-branch assumptions.

A.1.5. Bilinear fusion details
The general bilinear interaction between feature vectors s € R% (CHAN1) and g € R% (CHAN2) is
defined as yx =s' Wig + by for k=1,...,d,, where Wy € R**% is a weight matrix for each output
dimension k, and by is a bias term. The output y € R% comprises elements y;. This requires d, - d; - d,
parameters, which is costly for high-dimensional features.

To improve efficiency, a low-rank constraint is imposed on Wy, assuming rank r < min(d;,d,). Each
Wy is factorized as Wy = VS,kV;—k, where V€ R%*" and Ver € Ré%xr, Substituting yields:

r

ye=sTVV g+ b= (Vorlil" s) (vg,k 7 g) + by, (A68)

1=1

or, using the Hadamard product ®:
ye=1T [(VsTks) © (V;kg)] + by (A69)

To further reduce parameters, shared projection matrices Vs € R%*" and vV, € R%*" are used, with
an output projection matrix U € R"™ %, The final output is:

y=UT|(V/s)o(v]g)| +b. (A70)

This reduces parameter complexity from O(d; - d, - d,) to O((d; + dg+ d,) - r), ensuring computational
efficiency and strong performance.
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A.2. Full results
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Figure Al. Visualization comparison of original EEG signals and those superimposed with pink noise at different intensities.
(a) Original clean EEG signals; (b) Pink noise with standard deviation of 0.5; (c) Original EEG signals superimposed with SD =
0.5 noise; (d) Pink noise with standard deviation of 1.0; (e) Original EEG signals superimposed with SD = 1.0 noise. The figure
displays signal waveforms of 16 electrode channels (Ch 0-Ch 15) within the 0-0.8 s time window, with different colors repre-
senting different channels. The comparison clearly demonstrates the contamination degree of EEG signals by noise at different
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Alpha Values Across Layers for wPLI and GC
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Figure A2. Distribution of the learned fractional order parameter o for the wPLI and GC algorithms across three layers (Layer

1 to Layer 3) in the CHAN2 model. The line plot illustrates the distinct distributions of the « values optimized for the functional
networks constructed by the two algorithms. The « values for wPLI remain stable at approximately 0.5 across all layers, whereas
the o values for GC are distributed around 1.05. This differential distribution demonstrates the capacity of our trainable GFRFT
layer to tailor the time—frequency resolution specifically for the wPLI- and GC-based networks, reflecting the model’s adaptive
learning for capturing the complex non-stationary dynamics in epileptic EEG signals.
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Alpha Values Across 64 Channels for Each Layer
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Figure A3. Distribution of learned fractional order parameter 6 across 64 different channels for four layers (Layer1 to Layer4) in
CHANI. The line plot illustrates the adaptive variation of c values (ranging 0.1-0.8) optimized for each EEG channel, demon-
strating the model’s capacity to tailor time—frequency resolution to channel-specific characteristics. The non-uniform distribu-
tion reflects the adaptive learning of fractional orders for capturing non-stationary patterns in epileptic EEG signals.
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subfigures).

G- o segooss

Figure A4. The figure shows functional connectivity matrices and brain network topology diagrams constructed using
frequency-domain Granger Causality (GC) for 10 non-seizure samples (left two subfigures) and seizure samples (right two
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Figure A5. The figure shows functional connectivity matrices and brain network topology diagrams constructed using wPLI for
10 non-seizure samples (left two subfigures) and seizure samples (right two subfigures).
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Figure A6. Average Functional connectivity analysis using wPLI and GC. (Left) Interictal period: sparse and weak synchro-
nization. (Right) Ictal period: significantly enhanced phase-synchronization strength and density, demonstrating epileptic
hypersynchronization.
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Figure A7. The transformation pipeline of wPLI and frequency-domain Granger Causality (GC) EEG functional connectivity
data through the intermediate layers of the Graph Fractional Fourier Transform (GFRFT) is illustrated in the figure.
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Figure A8. Comparison of training time and peak GPU memory consumption across different models for one training epoch

on the FMCE dataset. Both axes are presented on a logarithmic scale to accommodate the wide range of computational require-
ments. While EEG-GraphFrFT requires a longer training duration due to its dynamic graph construction, it demonstrates excep-
tional memory efficiency, enabling training on standard consumer-grade GPUs.
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Figure A9. Sensitivity analysis of initial parameters 6y and ay across five critical performance metrics. The 3D surface plots illus-
trate the model’s robustness to varying initializations ({0.0,0.5,1.0}) while demonstrating a clear and stable convergence toward
an optimal performance peak near the (6p = 0.5, g = 0.5) regime.
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Table Al. Performance comparison of different models on epileptic EEG classification tasks under varying noise conditions for the
FMCE dataset. For Pink Noise conditions (SD = 0.5-5.0), the best percentage changes, indicating noise robustness, are shown in bold,
and the second-best percentage changes are underlined for each metric. Tied second-best results are underlined together.

Models
Noise condition Metric EEG-conformer [10] Mamba [11] FAPEX [62] EEG-GraphFrFT
Original Acc 0.8990 0.9182 0.9005 0.9454
F1 0.8990 0.9183 0.9003 0.9412
AUC 0.9578 0.9563 0.9567 0.9756
Sens 0.8807 0.9533 0.9341 0.9528
Spec 0.9100 0.9246 0.9588 0.9746
Pink Noise (SD = 0.5)  Acc 0.8792 (—2.2%) 0.8989 (—2.1%) 0.9070 (+0.7%) 0.9404 (—0.5%)
F1 0.8732 (—2.9%) 0.8890 (—3.2%) 0.9073 (40.8%) 0.9462 (+0.5%)
AUC 0.8728 (—8.9%) 0.9521 (—0.5%) 0.9733 (+1.7%) 0.9736 (—0.2%)
Sens 0.8667 (—1.6%) 0.9411 (—1.3%) 0.8934 (—4.4%) 0.9451 (—0.8%)
Spec 0.8967 (—1.5%) 0.9100 (—1.6%) 0.9487 (—1.1%) 0.9686 (—0.6%)
Pink Noise (SD = 1) Acc 0.8630 (—4.0%) 0.8559 (—6.8%) 0.8899 (—1.2%) 0.9376 (—0.8%)
F1 0.8636 (—3.9%) 0.8533 (—7.1%) 0.8974 (—0.3%) 0.9393 (—0.2%)
AUC 0.8662 (—9.6%) 0.9337 (—2.4%) 0.8976 (—6.2%) 0.9706 (—0.5%)
Sens 0.8240 (—6.4%) 0.8400 (—11.9%) 0.8841 (—5.4%) 0.9378 (—1.6%)
Spec 0.8910 (—2.1%) 0.8700 (—5.9%) 0.9388 (—2.1%) 0.9696 (—0.5%)
Pink Noise (SD = 5) Acc 0.7033 (—19.6%) 0.7887 (—13.0%) 0.8177 (—8.3%) 0.8410 (—10.4%)
F1 0.7019 (—19.7%) 0.7892 (—12.9%) 0.8154 (—8.5%) 0.8409 (—10.0%)
AUC 0.7708 (—18.7%) 0.8901 (—6.7%) 0.8890 (—6.8%) 0.9031 (—7.3%)
Sens 0.6376 (—24.3%) 0.7992 (—15.4%) 0.7224 (—21.2%) 0.8122 (—14.1%)
Spec 0.7510 (—15.9%) 0.7800 (—14.5%) 0.8893 (—7.0%) 0.9022 (—7.2%)

Table A2. Inference latency comparison of different models on epileptic EEG classification tasks. For latency metrics, lower values are
better; for samples per second, higher values are better. The best results are shown in bold, and the second-best results are underlined
for each metric.

Samples per

Model Mean latency ~ Std latency =~ Minlatency =~ Maxlatency ~ p95latency  p99latency  sec
EEG-Conformer 14.391 0.242 14.278 19.056 14.410 14.873 69.487
FAPEX 82.638 4.528 75.834 136.352 86.154 99.307 12.101
JEPA 395.969 0.340 395.776 399.516 396.191 397.883 2.680
iTransformer 3.753 1.335 3.558 44.093 3.793 6.366 266.454
FreTS 7.854 0.169 7.787 10.332 7.867 8.431 127.318
Mamba 2.621 0.268 2.506 5.972 3.040 3.183 381.535
EEG-GraphFrFT 48.606 28.394 20.802 199.314 86.635 92.138 20.574

Table A3. Ablation study on the sliding window size for functional connectivity construction on the FMCE dataset.

Window size Acc F1 AUC Sens Spec

0.5s 0.9224 0.9223 0.9718 0.8963 0.9422
2.0s 0.9308 0.9311 0.9529 0.9130 0.9605
4.0 s (Proposed) 0.9454 0.9412 0.9756 0.9528 0.9746
8.0s 0.9272 0.9369 0.9492 0.9310 0.9550
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Table A4. Performance comparison with additional baseline methods on epileptic EEG classification tasks.

Models

Metrics

HUP

FMCE

Helsinki Neonatal EEG

Acc

F1

AUC

Sens

Spec

Acc

F1

AUC

Sens

Spec

Acc

F1

AUC

Sens

Spec

Scattering transformer [70]

MBGNN [71]

Extra large (XL) ConvNeXt [72]
Deep residual neural network [73]
CNN [74]

Fd-CAE [75]

CNN [76]

SREE [77]

seizure matching system [78]
Random forest classifier [79]

LASSO logistic regression [80]

SDA [81]

1D FCN,2D FCN [82]

Morse Wavelets based LBP coupled with an ensemble classifier [83]
LMA-EEGNet [84]

SSGNN + AO [85]

Logistic regression model [80]
Simple RF [77]

Averaged RF [77]

Manifold RF [86]

[87]

Virtual resection [88]

Network-based epilepsy model [89]
functional connectivity networks [90]
IED-to-LoWS delay-based classifier [91]
VEP [92]

Neural fragility model [93]
SeizureNet [94]

0.8600
0.6600

0.6300

0.7600
0.7700
0.8300

0.8300
0.8900
0.7500
0.6800
0.7500

0.8900

0.6700

0.6500

0.6000

0.7800
0.7900

0.7900

0.7400

0.9100

0.8200

1.0000

0.1000
0.1000

0.9900
0.9900

0.9055

0.9550
0.9234
0.9700

0.9700
0.9571
0.9870

0.8700

0.7990

0.9000

0.9577

0.8400

0.9638
0.9911
0.9280
0.9620
0.8640

0.9880
0.9000
0.9400
0.9862
0.9879

0.9000

0.8900

0.7600

0.7800

suiysiiand dol

890S¥0 (920T) L 10Uy, 'S :uivaT YoV

P uy 7



10P Publishing

Mach. Learn.: Sci. Technol. 7 (2026) 045068 Z Ren et al

Table A5. Initialization sensitivity of the differentiable graph-modulation parameters. The first four columns report only the initial
values of the trainable parameters 7., Y,7y, and ~yg; all four parameters are subsequently updated through backpropagation. The best
results are highlighted in bold.

Parameter Initialization Metrics

Ty Yw Ty Ve Acc F1 AUC Sens Spec
0.0 0.0 0.0 0.0 0.9264 0.9262 0.9771 0.9011 0.9450
0.5 0.5 0.5 0.5 0.9303 0.9302 0.9697 0.9293 0.9453
1.0 1.0 1.0 1.0 0.9310 0.9307 0.9744 0.8857 0.9657
0.5 1.0 0.1 1.0 0.9454 0.9412 0.9756 0.9528 0.9746

Table A6. Performance comparison on the non-biological Kuramoto coupled oscillator dataset. The best results are highlighted in bold.

Models Acc F1 AUC Sens Spec

EEG-Conformer 0.5122 0.3559 0.4935 0.0091 0.9891
JEPA 0.5111 0.0000 0.5000 0.0000 1.0000
iTransformer 0.5111 0.3458 0.5344 0.0000 1.0000
Mamba 0.7944 0.7935 0.9034 0.8636 0.6826
FAPEX 0.8397 0.8269 0.9679 0.8711 0.8072
EEG-GraphFrFT 0.8411 0.8410 0.9151 0.8295 0.8891

Table A7. Parameters used for generating the synthetic Kuramoto dynamic network dataset. Variables
defined by ranges indicate values uniformly sampled for each instantiation.

Category Parameter Value / Range

Dataset config Number of variables/nodes (C) 64
Samples per class 3000
Retained time steps (T) 2048
Integration step (dt) 0.03
Burn-in steps 300

Graph topology Average degree (k,m) [6,10]
WS rewiring probability (p) [0.10,0.30]
Edge perturbation fraction [0.00,0.05]

Oscillator dynamics Damping () [0.6,1.4]
Mass / Inertia [0.6,1.6]
Natural frequency std (o) [0.4,1.2]

Coupling strengths (Ki, K>)
Phase shifts (o, 5)

[0.8,2.0],[0.15,0.8]
[0.6,1.2],[0.2,1.0]

External forcing & noise

Forcing amplitude (F)
Forcing frequency (£2)
Fractional measurement noise (1/1°)

0.0,0.35)
[0.4,1.4]
Level = 1.5, =1.0
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Reproducibility statement
This study was conducted under the following computational conditions to ensure reproducibility:
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-0S Ubuntu 22.04 LTS
- CUDA 11.8
- cuDNN 8.9
- Python 3.10
- PyTorch 2.1.0
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- Optimizer RAdam + Lookahead
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- Weight decay 1x1074
- Early stopping
® patience 10
e min_delta 0.001
- Gradient clipping Enabled
- Dropout rate 0.3
Model architecture
- Input channels 64
- Sequence length 2048 samples
- Embedding size 96
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